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Introduction: Birth-death processemsre useful statistical models for a range
of natural phenomena, such as the dynamics of populatidhg @pread of epi-
demics. In most practical situations, population data Isected at a discrete
number of points in time and there are practical constrgavgrning the num-
ber of samples that can be taken and the time frame for thelsgmiiven
these constraints, a pertinent question emerges: at vamed 8hould we sample
the population in order to obtain the most precise estin@tesdel parameters
(e.q. Infection rates, per capita birth and death rates)?
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Figure 1. An example of the stochastic logistic (SL) process, shotmneagie-
terministic trajectory+ 2 standard deviations (red).

Approach:

e We use dsaussian diffusion approximatiasf a stochastic logistic (SL) pro-
cess to estimate the likelihood of the collected data.

e The approximation models the fluctuations of the populafibaut a deter-
ministic trajectory using a multivariate Gaussian probsbdistribution.

e Numerical methods (such as the Cross-Entropy method) casdxkto find
the sampling times that maximise the amount of informattasi{er Informa-
tion) about the unknown parameters.

e The more information that is obtained about the parametieessmaller the
area of confidence regions about the parameter estimates.

Methods: In order to estimate parameters and design efficient sagiplin
schedules, It Is necessary to calculate the likelihood ¢é.dddowever, the
likelihood for many stochastic processes is difficult toco#te analytically.
Many birth-death processes can be approximated®sussian diffusioabout
a deterministic trajectory so that the likelihood fosamples is-variate Gaus-

sian, which is easy to work with numerically and analytigall
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For the SL proces¥(t) with population ceilingN (i.e. maximum population
size), the transition rateg, when the population size isare

(i +2) = (N i)
qN(ivi _1) = Ui

However, it is convenient to model the population “densky(t) = % which

describes the proportion of individuals in the populatielative toN. The
rationale is that adl — o, the density procesiy(t) tracks the deterministic
trajectory (see [2]), given by
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wherex, is the population density at= 0 andx.q= 1— § is the stable equilib-
rium population density (also known as the carrying capacit

Furthermore, the fluctuatiafy (t) = v/N(Xx(t) — x(t)) of the population about
the deterministic trajectory converges weakly to a GaunsgitiusionZ(-) (see
[1, 3]), such thafZ(t) ~ N(O,V(t)), where
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Our diffusion approximation allows us to model a finite setotfervations
Y = (Y1,-..,Yn) Of the SL proces¥(t) at times(ty,...,t,) as a random vec-
tor with an approximate multivariate normal (MVN) distriimn. We write

y ~MVN(m, ), with
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whereA(t;) = 210g(Xeq) — A Xedti — 210g(Xo+ (Xeq— Xo)€~ A ~H). Figure 1 shows
a simulated SL process with the deterministic trajectdty({)) and lines cor-
responding tak2 standard deviations (i.e=2,/NV(t)) superimposed.

Results. For comparative purposes we demonstrate the benefits af thsn
optimal sampling schedule by comparing it to an equidistanpling schedule
(which is likely to be simpler to implement in practice), ngisimulated data.

e The optimal sampling schedule can result in much greatangom when
estimating parameters.

e Use of the optimal sampling schedule can overcome problernetlinood
surfaces that can be encountered in population models.

e The relative benefit (efficiency) of the optimal sampling ethle over the
equidistant schedule is often greatest when the numbernoplsa is rela-
tively small.
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Figure 2: Comparison of 95% confidence regions for optimal and egtadis
sampling schedules with 3 sampling points.

Conclusions:

e Gaussian diffusion approximations coupled with numeriocptimisation
methods such as the Cross-Entropy method allow us to easdyrdine opti-
mal sampling schedules for a wide range of population models

e Optimal sampling schedules can significantly increase tkeigion of pa-
rameter estimates.

e Optimal sampling schedules can be used to design efficigggrerents in-
volving the observation of birth-death processes over {eng. experiments
In cell biology, epidemiology and chemistry).
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