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Introduction: Birth-death processesare useful statistical models for a range
of natural phenomena, such as the dynamics of populations orthe spread of epi-
demics. In most practical situations, population data is collected at a discrete
number of points in time and there are practical constraintsgoverning the num-
ber of samples that can be taken and the time frame for the sampling. Given
these constraints, a pertinent question emerges: at what times should we sample
the population in order to obtain the most precise estimatesof model parameters
(e.g. infection rates, per capita birth and death rates)?
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Figure 1: An example of the stochastic logistic (SL) process, showingthe de-
terministic trajectory± 2 standard deviations (red).

Approach:

•We use aGaussian diffusion approximationof a stochastic logistic (SL) pro-
cess to estimate the likelihood of the collected data.

•The approximation models the fluctuations of the populationabout a deter-
ministic trajectory using a multivariate Gaussian probability distribution.

•Numerical methods (such as the Cross-Entropy method) can beused to find
the sampling times that maximise the amount of information (Fisher Informa-
tion) about the unknown parameters.

•The more information that is obtained about the parameters,the smaller the
area of confidence regions about the parameter estimates.

Methods: In order to estimate parameters and design efficient sampling
schedules, it is necessary to calculate the likelihood of data. However, the
likelihood for many stochastic processes is difficult to calculate analytically.
Many birth-death processes can be approximated by aGaussian diffusionabout
a deterministic trajectory so that the likelihood forn samples isn-variate Gaus-
sian, which is easy to work with numerically and analytically.

For the SL processY(t) with population ceilingN (i.e. maximum population
size), the transition ratesqN when the population size isi are

qN(i, i +1) =
λ
N

i(N− i)

qN(i, i−1) = µ i

However, it is convenient to model the population “density”XN(t) = Y(t)
N which

describes the proportion of individuals in the population relative toN. The
rationale is that asN → ∞, the density processXN(t) tracks the deterministic
trajectory (see [2]), given by

x(t) =
x0xeq

xeq+(x0−xeq)e−λx0t
(t ≥ 0)

wherex0 is the population density att = 0 andxeq= 1− µ
λ is the stable equilib-

rium population density (also known as the carrying capacity).

Furthermore, the fluctuationZN(t) =
√

N(XN(t)−x(t)) of the population about
the deterministic trajectory converges weakly to a Gaussian diffusionZ(·) (see
[1, 3]), such thatZ(t) ∼ N(0,V(t)), where

V(t) =
x0xeq

α(x0+(xeq−x0)e−αt)4

(

µx3
0(1−e−2αt)

+x2
0(xeq−x0)e

−αt(1−e−αt)(λ +5µ)

+2x0αte−2αt(xeq−x0)
2(λ +2µ)+β (xeq−x0)

3e−2αt(1−e−αt)
)

Our diffusion approximation allows us to model a finite set ofobservations
y = (y1, . . . ,yn) of the SL processY(t) at times(t1, . . . , tn) as a random vec-
tor with an approximate multivariate normal (MVN) distribution. We write
y ∼ MVN(m,Σ), with

mi ≃ Nx(ti) and Σi j ≃
{

NV(ti)e2(A(t j)−A(ti)) ∀i < j

NV(ti) ∀i = j

whereA(ti) = 2log(xeq)−λxeqti−2log(x0+(xeq−x0)e−(λ−µ)ti). Figure 1 shows
a simulated SL process with the deterministic trajectory (Nx(t)) and lines cor-
responding to±2 standard deviations (i.e.±2

√

NV(t)) superimposed.

Results: For comparative purposes we demonstrate the benefits of using the
optimal sampling schedule by comparing it to an equidistantsampling schedule
(which is likely to be simpler to implement in practice), using simulated data.

•The optimal sampling schedule can result in much greater precision when
estimating parameters.

•Use of the optimal sampling schedule can overcome problematic likelihood
surfaces that can be encountered in population models.

•The relative benefit (efficiency) of the optimal sampling schedule over the
equidistant schedule is often greatest when the number of samples is rela-
tively small.

1 2 3 4

1

2

3

4

1

2

3

4

0 0 1 2 3 4

95% Confidence Region for the Optimal Sampling Schedule 95% Confidence Region for the Equidistant Sampling Schedule

Per Captia Death Rate Per Captia Death Rate

P
e
r 

C
a
p
ti

a
 B

ir
th

 R
a
te

P
e
r 

C
a
p
ti

a
 B

ir
th

 R
a
te

Actual Parameter Value 

Maximum Likelihood Estimate

Actual Parameter Value 

Maximum Likelihood Estimate

0 2 4 6 8 10 12
0

100

200

300

400

500

600

Time

P
op

ul
at

io
n 

S
iz

e

0 2 4 6 8 10 12
0

100

200

300

400

500

600

Time

P
op

ul
at

io
n 

S
iz

e

3-point Optimal Sampling Schedule 3-point Equidistant Sampling Schedule

Figure 2: Comparison of 95% confidence regions for optimal and equidistant
sampling schedules with 3 sampling points.

Conclusions:

•Gaussian diffusion approximations coupled with numericaloptimisation
methods such as the Cross-Entropy method allow us to easily determine opti-
mal sampling schedules for a wide range of population models.

•Optimal sampling schedules can significantly increase the precision of pa-
rameter estimates.

•Optimal sampling schedules can be used to design efficient experiments in-
volving the observation of birth-death processes over time(e.g. experiments
in cell biology, epidemiology and chemistry).
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