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Order Parameters of the Dilute A Models
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The free energy and local height probabilities of the dilute A models with
broken Z, symmetry are calculated analytically using inversion and corner
transfer matrix methods. These models possess four critical branches. The first
two branches provide new realizations of the unitary minimal series and the
other two branches give a direct product of this series with an Ising model. We
identify the integrable perturbations which move the dilute A models away from
the critical limit. Generalized order parameters are defined and their critical
exponents extracted. The associated conformal weights are found to occur on
the diagonal of the relevant Kac table. In an appropriate regime the dilute A,
model lies in the universality class of the Ising model in a magnetic field. In this
case we obtain the magnetic exponent é = 15 directly, without the use of scaling
relations.

KEY WORDS: Dilute A-D-E models; local height probabilities; order
parameters; Ising model in a field; conformal invariance; unitary minimal series.

1. INTRODUCTION

In the last decade many infinite hierarchies of exactly solvable models have
been found. Of foremost importance among these models are the restricted
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solid-on-solid (RSOS) models of Andrews, Baxter and Forrester (ABF).\")
In these models each site of the lattice carries a height variable, restricted
to the values 1,.., h—1 with h=4, 5,..., subject to the rule that heights on
neighboring lattice sites differ by =+ 1. If the allowed heights are represented
by the nodes in the following diagram,

o —eo —o —o——0o—90o—9
1 2 3 h—1

the adjacency rule requires that neighboring lattice sites take values that
are adjacent on the diagram.

Andrews et al.'") considered four different regimes, labeled I-1V. It was
pointed out by Huse® that the critical line separating regimes I1I and IV
realizes the complete unitary minimal series of conformal field theory. This
series is described by a central charge

6

C=1—m, h=4,5,... (11)

and a set of conformal weights, given by the Kac formula

[hr—(h—1)s]*—1

4% = 1<r<h—2, 1<s<h—1 (12)

4h(h—1) ’
The corresponding modular invariant partition function is‘®
h—2 h—1
Z=3% ¥ X\’ (1.3)
r=1s=1

where ¢ is the modular parameter and the y!") are the Virasoro characters

rs

given by
h ng’_cm it B~ V) 2 + Chr = th— 1)s) Bh— V)2 + Chr 4+ (h = 1)s]
_—— (h~1)f —(h— j — D)2+ [hr+h—1)s)j+rs
1g)= o) Y {ghh s = hsl ghth =1 seey
j=—o

(1.4)

with Q(¢)=TI=, (1 —¢").

By giving a loop or polygon interpretation to the critical ABF models,
Pasquier®® extended these models to arbitrary adjacency graphs.
Demanding that these new models be critical restricts the graphs to the
Dynkin diagrams of the classical and affine simply-laced Lie algebras
shown in Fig. 1.

Recently a new construction of solvable RSOS models was found.®®
Basically, the method is an extension of the work of Pasquier, and related
work of Owczarek and Baxter,®’ to more general loop models. Application
to the O(n) model,""” which is closely related to the Izergin-Korepin
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model,"'!’ has led to a new family of critical RSOS models labeled by
Dynkin diagrams. The same models were found independently by
Roche.!!?

In the approach of Pasquier, the polygons, which are interpreted as
domain walls separating regions of different height, densely cover the edges
of the dual lattice. As a consequence, heights on adjacent sites are always
different. In the new RSOS models, two neighboring sites of the lattice
either have the same or different height, so that the domain walls occupy
some but not all edges of the dual lattice. Therefore it is natural, following
ref. 12, to term these new models dilute A-D-E models.

Each member of the dilute A, hierarchy possesses four distinct critical
branches. The central charge is given by

6
1— branches 1 and 2
c= h(h—1) (1.5)

6
WD) branches 3 and 4

3
2
where

he {L+2 branches 1 and 3 (1.6)

L+1 branches 2 and 4

The first two branches give new realizations of the unitary minimal series
with the modular invariant partition functions (1.3). The other two
branches appear to be direct product of this same series and an Ising
model, with modular invariant partition functions

TS 129g) 1) (1.7)
=1 s=1

As reported in refs. 6 and 7, the models related to the A; Dynkin diagrams
admit an off-critical extension. A remarkable feature of these off-critical
models is that, for odd values of L, they break the Z, symmetry of the
underlying Dynkin diagram. The simplest of these symmetry-breaking
models betongs to the universality class of the Ising model. This allows the
calculation of the magnetic exponent 6 =15 without the use of scaling
relations.

This paper is devoted to the investigation of the models of the dilute
A, hierarchy. First we briefly describe the whole family of dilute A-D-E
models. Then, in Section 3, we define the off-critical A; model and in
Section 4 we calculate its free energy. From this we extract the critical
exponent o when L is even and § when L is odd. The main body of the
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paper is concerned with the calculation of the order parameters of the
dilute A models for odd values of L. In Section 5 we compute the local
height probabilities and in the subsequent section we use these result to
evaluate generalized order parameters. We also extract the set of associated
critical exponents J, and derive the corresponding conformal weights. In
Section 7 we discuss the phase diagram, concentrating on L=3, and in
Section 8 we collect results concerning the Ising model in a field. Finally,
we summarize and discuss our main results.

The results for the order parameters when L is even will be presented
in a future publication. Likewise, results for the critical models related to
the other adjacency diagrams, among which is a solvable tricritical Potts
model,'* will be reported elsewhere.

2. THE DILUTE A-D-E MODELS

In this section we define the family of dilute A-D-E models. Although
we restrict the description to the square lattice, they can be defined on any
planar lattice.

Consider an arbitrary connected graph ¢ consisting of L nodes and a
number of bonds connecting distinct nodes. Label the nodes by an integer
height ae {1, .., L}. Nodes a and b are called adjacent on # if they are
connected via a single bond. Such a graph is conveniently represented by
an adjacency matrix A with elements

Aab_{l if a and b adjacent 21

0 otherwise

Let n denote the largest eigenvalue of 4 and S the Perron—Frobenius
vector, i.e., AS=nS.

With these ingredients we define an RSOS model on the square lattice
% as follows. Each site of ¥ can take one of L different heights. The
Boltzmann weight of a configuration is nonzero only if all pairs of
neighboring sites carry heights which are either equal or adjacent on 4.
The weight of an element face of the RSOS model is given by

d ¢ 5.\
W(a b>=p15a.b.c‘d+ p26a.b.rAu.d+p36a.t.dAa‘b+(S_) pdéb,z'.dAa.b
b

Sc 172
+ (S_> p56a.b.dAa.c + p65a,b5c.dAa,c + p75a,d5b.c'Aa,l7

S.S.
SsSa

12
+psf5a.cAa,bAa.d+< ) P90p4AupAp.c (2.2)
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where S, is the ath entry of S and q, b, ¢ and d can take any of the L
heights of the graph %. The generalized Kronecker 6 is defined as
Oiy.niw=I17=2 0. If we parametrize n by

n= —2cos4l (2.3)
then p,,..., ps are given by’
p, = [sin 24 sin 34 + sin « sin(31 — u)]/(sin 24 sin 31)
p2=p;=sin(31—u)/sin 34

p4=pPs=sin ufsin 34

o o (24)
Pe=p7=sin usin(3A — u)/(sin 24 sin 31)
Ps=sin(24 — u) sin(34 — u)/(sin 24 sin 31)
pPo= —sin u sin(4 — u)/(sin 24 sin 34)
Table |I. Central Charge of the Dilute A-D-E Models
Algebra n A c Branch
s
-8
A 5 cos " LY (L+1)L+1+1) 1,2
L I+1 A 3 6 43
2 (L+1)(L+1F)1)
(. 6
n af _ 1 (2QL—2)2L—-2+1) 1,2
Do 2e0s51 3 4_<1+2L~2> I 6 4,3
(2 QL-2)(2L-2F1)
6
n af 1 1012+ 1) 1,2
Ee 20051—2' Z(l+ﬁ) <§_ 6 4,3
2 12(12F 1)
6
n af _1 T18(18 £ 1) 1,2
E-, ZCOSﬁ Z(l-}»ﬁ) <§_ 6 4‘3
(27 18(18F 1)
o8
E ) K. n 1_1 30(30+1) 1,2
5 *3 a\ *30 3 6 4,3
\2 30(30F1)

? We note that we have changed the variable 4 of ref. 6 to jn — A.
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Classical Affine
L
® /\
A, ALn)
1 2 3 L 1 2 3 L-1

1 2 3 4 5 1 2 3 4 s
7 SI
1
E7.—.—o——l—~—~ 120
1 2 3 4 5 6 1 2 3 5 6 7
EI 9I
!
Eq Ey
1 2 3 4 5 6 7 1 2 3 4 5 6 7 8

Fig. 1. Dynkin diagrams of the simply-laced Lie algebras.

We note that the weights p, =p; and the weights po=p, are determined
only up to a sign. For any graph ¢, the RSOS model defined by (2.2)-(2.4)
satisfies the Yang-Baxter equation.'* In fact, in refs. 6-8 it was shown that
all models defined above have the same partition function as the O(»)
model."'?

From Egs. (2.3) and {(2.4) it follows that there are four different
branches that yield the same values of n. Using the periodicity of the
weights, we can restrict A to the interval gz <A <in:

branch 1 O<u<3l lrxgigin
branch 2 O<u<3i in<i<in 25)
branch3  —rn+3l<u<0 Ingigin
branch4  —n+3i<u<0 ingigyn

These four branches correspond to (part of)) the four branches defined in
ref. 15 for the O(n) model. For n>2 the value of A — }n must be chosen
imaginary, and the weights become complex, unlike the ordinary A-D-E
models. As was pointed out in refs. 4 and 5, the only adjacency graphs that
have largest eigenvalue n<2 are the Dynkin diagrams of the classical
(n<2) and affine (n=2) simply-laced Lie algebras shown in Fig. 1. For



Order Parameters of the Dilute A Models 475

the classical case the respective values of n are listed in Table I. The
corresponding Perron—Frobenius vector can be found in ref. 4.

From the equivalence with the O(n) model, the central charge of the
dilute A-D-E models is known."'®) The values on the four branches are
listed in Table I for the classical algebras. For the affine algebras we have
A=imand c=1or 3.

3. THE OFF-CRITICAL A MODEL

The dilute A, model (2.2) admits an extension away from criticality
while remaining solvable. In terms of the theta functions of Appendix C,
suppressing the dependence on the nome p, the Boltzmann weights of the
off-critical A, model are given by's”

8,(64) 8,(34) $,1(64) 9,(34)

S(a+1)9,2ak—51) S(a—1)94(2al+ 5/1))
(S(a) 9.,2a2+4) ' S(a) 9,2ak—2)

W(a a>=9,(6/1—u)8,(31+u) $(u) $,(34—u)
a a

W atl a —w a a )_8,(3A—u)34(12al+l—u)
<a >" <a a+t1)  8,(34)94(+2ai+ 1)

a a ) 8,34 —u) 94(+2arl+ A —u)
atl $,(34) 84(£2ah+ 1)

S(a) 31(32) $u(£2ai + 2)

Q
Es]

W( a a>= W<a ai1>=<S(ail)>‘/2 3,(u) $4(+2ak — 22+ u)
atl

_ W(ail ail)
a a

2a) +32) 8,(+2ak — 1))‘/2 9,(u) 9,(31 — u)
92(+2ak+A) 9,(21) 9,(34)

I
o N
)
-
I+

W(ai-l a )_ (24— u) 8,34 —u)
IENCHENER)

W( a a?—l)__(S(a—l)S(a+l) 12 9 (1) 9,(1 — u)
- S*(a) ) 31(24) §,(34)
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W< a ai1)_.9,(31—u).9,(i4al+21+u)
a+l a ) 8,32)%,(+4al+21)

S(ax+1)9,(u) & (Ldal—A+u)
S(a)  3,(31) 3,(£4ai+21)

3,344+ u) 3 (+darl—4A+u) S,(u)9,(F+dal—A+u)
9.(31) 9, L4al—41) 9,(31) 9,(+4ak— 42)

S(aF 1)8,(41)  34(+2ak—51)
X( S(a) 9,(24) 94(i2al+l)>

. 9(4ald)

S@)=(-)"g (2al)

(3.1)

We note that in the critical limit, p — 0, the crossing factors S(a) reduce to
the entries of the Perron-Frobelius vector S,:

. Sa)_S,
LT 52

We also note that, for later convenience, we have relabeled the states of the
model a— L+ 1—a in comparison with those of our earlier definition of
the model in ref. 6.

The Boltzmann weights (3.1) satisfy the following initial condition and
crossing symmetry:

d c
W(a 5 0):5,,'[ (3.3)
d c _(S(a) S(c)\'"? c b
(o o1 7)-(Sosm) (0 ale) o9

and an inversion relation of the form
d g

LOHDLIED

_ (A=) 9,34~ u) 8,24 +u) 8,32 +u)
- 93(22) %3(32)

(3.5)
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In Eq. (2.5) four different critical branches were defined. This yields
eight regimes for the off-critical A, model:

regime 1 * 0<p<l1 . :
i A ==l

regime 1~ —1<p<0 O<u<3 i 7 1 i

regime 2°* 0<p<l K |

regime 2~ —1<p<0 0<u<3i =3 1+L+1

regime 3* O<p<l . : (3.6)

regime3— _1<p<0} IN—n<u<0 l=Z<I+L_H>

regime 4* O<p<l K |

regime 4~ —-1<p<0 3A—n<u<0 ,1_4 1_L+1

For regimes 2* and 3* we exclude the L =2 case because the model
becomes singular.

At criticality all A, models satisfy the Z, symmetry of the Dynkin
diagram, but the off-critical models, for odd values of L, break this
symmetry:

d ¢ L+1—d L+1—c
w
W(a b>¢ <L+1—a L+1—b> L odd

(3.7)
For L =3, if we make the identification {1,2,3}={+,0, —}, the model
can be viewed as a spin-1 Ising model. For p #0 the up—down symmetry
of this model is broken. We can therefore regard the nome p of the
$-functions as a magnetic field. This is in contrast with the usual role of p
as a temperature-like variable (see, e.g., ref. 14). Also for larger, odd values
of L we refer to p as the magnetic field, even though it is not, in general,
the leading magnetic operator. For odd L the + and — regimes are
equivalent because negating the magnetic field p merely has the effect of
relabeling the heights a > L+ 1—a.

The dilute A, model defined above is closely related to the Izergin—
Korepin (or A{?’) SOS model."'”’ In the latter model the weights are given
by Eq.(3.1) with 2ai replaced by 2ol +w,, where w, is an arbitrary
constant, and ae Z. If we set

_ kn
T4(L+1)
W0=0

ae{l,.,L}

ke{l,..,L L+2,.,2L+1}

(3.8)
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we obtain A%’ RSOS models based on the A, algebra. Only when k=L
or L + 2 are these models physical. Other choices of k correspond to eigen-
values of the adjacency matrix of A, which are not the largest. For all odd
values of k the models break the Z, symmetry of the underlying Dynkin

diagram.
Another way to restrict the At SOS model is given by
kn
= ke{l,..L
2AL+1) €l L}
wo=3ilnp (3.9)
ae{l,., L}

This possibility has been studied by Kuniba in a more general way in his
study of A'? RSOS models.""” However, this way of restricting the A
SOS model does not give rise to symmetry-breaking models.

4. THE FREE ENERGY

We calculate the free energy or, equivalently, the partition function per
site x of the dilute A model by the inversion relation method.!'®’ Because
the inversion relation (3.5) is quadratic in p we can restrict ourselves to the
regimes with positive p, and parametrize p =exp (—s).

4.1. Regimes 1+ and 2+

In regimes 1* and 2* we assume that x(u) is analytic in the strip
0 <Re(u)<34, and may be analytically extended just beyond these
boundaries. The inversion relation (3.5) implies

(24 —u) 3,34 —u) $,(24 + u) 3,(34 + u)

Kl = 5721 5167) @h
while the crossing symmetry (3.4) translates to
K(u)=x(34—u) (4.2)

We make the conjugate modulus transformation (C.8) and a Laurent
expansion of In x(u) in powers of exp(—2nu/e). Matching coefficients in
Eq. (4.1) and (4.2), we obtain for the free energy

In k(u)
—> i cosh[ (54 — nt) nk/e] cosh(nik/e) sinh(nuk/e) sinh{ (34 — u) nk/e]
e k sinh(n2k/e) cosh(3nik/e)

(4.3)
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We now take the p — 0 limit in the above expression to obtain the leading
critical singularity. Using the Poisson summation formula, we find

In Kgipg ~ p™% (4.4)
If we compare this with

2—a

In Kging ~ P or In kg ~p'*7° (4.5)

we find for the critical exponents « and ¢

[ 2(L-2)
o= L even
. 3L
regime 1 *: ¢ 3L
d=—— L
i 14 odd
(4.6)
( 2(L+4)
o= L even
. (L+2)
regime 2+: { 3L+2)
= L odd
\ L-2

When L =2 in regime 1 *, expression (4.4) for the critical singularity has to
be multiplied by In p.

4.2. Regimes 3* and 4%

In regimes 3* and 4* the appropriate analyticity strip is —n+ 31 <
Re(u) <0, and the crossing symmetry becomes

K(u)=k(3A—n—u) (4.7)
Performing the same steps as before, we obtain

Ink(u)= -2 i

k= —
cosh[ (54 — n) mk/e] cosh(ndk/e) sinh(ruk/¢) sinh[(m — 34 + u) nk/e]
k sinh(n?k/e) cosh[(m — 34) mk/e]

(4.8)

For the dominant singularity we find, apart from some exceptions we list
below,

In Kgpg ~p™" 737 (4.9)
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Comparing this with (4.5), we find for the critical exponents « and §

;
o= _AL+Y) L even
. L-2
regime 3*: { -2
= L odd
°=372) ©
) (4.10)
a= —2(L_2) L even
. L+4
regime 4 *: < Li4
S=—"— d
\6 3L Lod

For the cases L=35 and 8 in regime 3* and L=2 in regime 4*, Eq. (4.9)
has to be multiplied by In p. When L=3,4,6, and 14 in regime 3* and
L =28 in regime 4*, the partition function per site is regular.

5. LOCAL HEIGHT PROBABILITIES

In this section, which forms the main part of our paper, we calculate
the local height probabilities of the dilute A model for odd values of L.
Since negating the nome p is nothing but a reversal of the magnetic field,
we can restrict ourselves to the four ‘+’ regimes. (Recall that for odd L the
Boltzmann weights are symmetric under the transformation p— —p,
a—»L+1—-a)

5.1. Ground-State Configurations

First, we describe the ground-state configurations in each of the four
regimes. Below we depict the set of ground states by a decoration of the
adjacency diagram. Comparing the various weights in (3.1) in the ordered
limit (see Appendix A), we find that the following types of ground states
occur:

1. Completely flat or ferromagnetic configurations. If the height of
this configuration is a, we will denote this state by a solid circle on
the adjacency graph % at node a. Conversely, flat configurations
that do not yield a ground state will be denoted by an open circle
on %,

2. Antiferromagnetic configurations. One sublattice has height a and
the other sublattice height 5= a + 1. This state, together with the
state where the heights on the two sublattices are interchanged, is
denoted by a double bond on 4 between the nodes a and b.
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regime I¥ e—0—e—0— - -- -O———0— - —-—0—e—0
P2 3 RS L-1 L
regime 2* o&—0—e—0— ----- ——O—O—— - —e—0O—e—0
i 2 3 11+l L-1 L
regime 3 c—e—0—e= .- O——— - ——=—O0—»
1 2 3 11+t L1 L
regime 4 o—@—a—®— -~ »>—C—DO—e - >—eD0—o
i 2 3 i+l L-1 L

Fig. 2. Ground-state configurations for the four different regimes.

If we define the variable / to be

2 LEJ +1 regimes 1* and 4+
4
I= L+l (5.1)
2 [TJ regimes 2+ and 3%
where | ] denotes the integer part, the ground states of the four regimes
are as shown in Fig. 2. Thus the total number of ground states is 3(L + 1),
LL—1), 3(L+1), and 3(L— 1), for the regimes 1 *,.., 4*, respectively.

5.2. Local Height Probabilities

The local height probability P*(a) is the probability that a given site
of the lattice has height a given that the model is in the phase indexed by
b and c. In the ferromagnetic phases ¢=»4 and in the antiferromagnetic
phases c=b+ 1.

The technique of corner transfer matrices (CTMs) which is used to
calculate P*(a) is well known and the details of the method are given
elsewhere (see, e.g, refs. 14 and 1). Because the weights (3.1) satisfy the
Yang-Baxter equation and possess the crossing symmetry (3.4), the local
height probability in regimes 1 * and 2* can be written as

g~ S(a) X2 (q)

)= i S S (@) X (g) (52)
Here the variable g is related to p =exp(—¢) by
g=e” 12 (53)
The one-dimensional configuration sums X“*(q) are given by
XO1ome1ome2(g) = Z q):7'=.jﬂ(aj.aj+x-ﬂj+z) (5.4)
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The weight function H is determined from the Boltzmann weights in the
ordered limit (p — 1, u/e fixed). Their behavior is

W(d C>~ga 1 e—ZRuH(d.u.b)/ﬂ(Sa . (55)
a b) gv8a .
where

guze—l}.uaz/ﬂ (56)

The values of the function H(d, a, b) for regimes 1* and 2% are listed in
Appendix A.

From (5.4) it follows directly that the one-dimensional configuration
sums satisfy the following recurrence relation:

Xz?z(q) - qu(h—- l.h,c)Xt’l:_— Ib(q) + qu(b,b,L-)X:;nbii l(q)
+qu(b+l,b.<~)X1'1:jllb(q) (57)

The task is to solve this relation, with initial condition

Xit(q) = g™ (5:8)
or, equivalently,
X5 (q)=0u.s (59)
and with conditions
X2 Hg)=X.r*'g)=0 (5.10)

which confine the heights in the recursion relation (5.7) to the set {1,.., L}.
In regimes 3* and 4%, where the spectral parameter u is negative, the
local height probability is given by

q""S(a) Xov(q)

n - o ‘l;= l?}./ns(a) anb((‘I) )
where ¢ is now
q=e—4n(y:—3).)/n (512)

As for the regimes 1* and 2%, the one-dimensional configuration sums are
expressed in H by (5.4). To determine H, we now need to know the powers
of e*?™ in the ordered limit of the weights. Relative to regimes 1 * and
27, after the appropriate gauge factors g are separated and contributions
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which cancel in the ratio in Eq.(5.11) are discarded, H is effectively
replaced — H. We thus need only take ¢ — 1/g in the regime 1 * (2%) solu-
tion of (5.7) to obtain the form of the solution in regime4* (3*). Of
course, ¢ must still be given its proper meaning from (5.12).

5.3. Solution of the Recurrence Relation

In this section we derive the solution of the recursion relation (5.7) for
each of the four regimes. In fact, as remarked above, the solution for
regimes 3* and 4% is deduced from the solution for regimes 1* and 2*.

Gaussian Multinomials. Before we present the solution we need
some preliminaries on the Gaussian multinomials [[7,], defined by!*’

m m (@)
= = 5.13
[k, 1] [k,l]q @e @ D (.13)

m

(@)m=T1 (1-¢") (5.14)

k=1

where

In the limit ¢ — 1 the Gaussian multinomials reduce to ordinary multi-

nomials
«}l—r—nl I:k’l]_m_<k, 1) (5.15)

The following identities, which prove useful in solving the recurrence
relation, may be derived by straightforward manipulation of the definition:

m]_ [m—1 e[ m—1 et m—1

|:k,1:|__ k.1 ]“’ [k—l,l]+q [k,l—l] (516)
[ m=1 moi| m—1 fm—t
‘_k—l,l]” [k,l—l]“’ [ k,z] 17
[ m=1 wer[m—1 f m—1
__k—l,l]+q [k,[ ]“’ K I—1 (5.18)

Regime 1*. As a first step towards the solution of Eq. (5.7) we
consider the special limit ¢ = 1. In this limit, setting X%%°(1) = X2, the
recurrence relation reduces to the following combinatorial problem:

> ialD CLaE'D SHID S (5-19)

m—1

822/74/3-4-2
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The fundamental solution of this equation is

abec __ - m

k=0

In order to satisfy the initial and confining conditions (5.9) and (5.10), we
must take linear combinations of this solution in the following way:

Jk= — ? : j )j

Another piece of information can be gained by considering the m — o0
limit. It was noted in ref 20 that, in this limit, the one-dimensional
configuration sums for the ABF models in regimes III and IV become
precisely the characters of the related Virasoro algebra (1.4).

Expecting similar m — oo behavior for our configuration sums, we
generated large polynomials on the computer and multiplied these by Q(g).
The resulting polynomials, being very sparse, were then easily identified as
Virasoro characters, with r=aand s=bforb</and s=b+1forb>1/ or
as linear combinations of two characters.

Guided by these two limiting cases, replacing 4 in (1.4) by L+2
according to (1.6), we make the following Ansatz for the configuration
sums, with b </, which yields a single character:

X:."bc =gm i {q(L+ L+ D2+ (L +2)a~(L+1)b] ) +a(jik)

Jk=—o00

m
x[k,k+2(L+l)j+a—b_

(L+20L+ 1) 2+ [(L+2)a+ (L+1)b]j+ab+ B(j.k)

—9q

m _
X[k,k+2(L+1)j+a+b_} (5.22)

For b>1 we make a similar Ansatz. The unknown functions « and f§ are
assumed to be quadratic in their arguments j and k. They depend implicitly
on a, b, and ¢, as does the parameter y. For the configuration sums that,
in the m - co limit, yield linear combinations of characters, we make the
appropriate linear combinations of the above Ansatz.

Fitting the Ansatz for small values of m with the correct polynomial,
we can determine the coefficients in the functions a(/j, k), f(J, k), and y.
Before we present the solution, we define the following auxiliary function:
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U
Ff"(b)=q("—”"/2 Z {q(L+2)(L+l)j2+[(L+2)a—(L+l)s]j+k[k+2(L+l)j+a—b]

jk=—o0

m
x[k,k+2(L+l)j+a—b_

(L+2)(L+l)j2+[(L+2)a+(L+|):]j+as+k[k+2(L+1)j+a+b]

-9

" i
><[k,k+2(.L+1)j+a+b_ (5.23)

where we have suppressed the a dependence. This function has the
following elementary properties:

FL(b)= —F_*(-b)
FEX2*S(L+1+4b)= —q L1 FL+2=s([ 4 1 _p) (5.24)

F,(0)=(1—g")F,,_,(1)

It is also convenient to define the four sets
si=1{1,3,..,1}
s,={l+1,/+3,.,L—1}
s3=1{2,4,.,1-1}
sa={1+2,14+4,. L}

(5.25)

where [ is given by (5.1). With these definitions the solution of the
recurrence relation reads

Fo(b) bes\{1}
Xobb=1  gmHbbb=1) q*2Fb+(b) bes,u{L+1)})
" g Fhr\(b) bes,
Fh(b)+(1—¢™ g Firi(b+1) bes,
Fo(b) bes,
BREb+1(p) bes
yabb _ omH{b.b.b) U 2 ‘
m q x q"/zFf',,“(b)+(l—q'")q"’/zFf’"__'l(b—l) b653 (5 26)
Frib)+(1~g™g F b+ 1) bes,
Fh(b) bes,
b/ZFb+l(b) bes
Xabb+1 o gmAtbbb+ 1) 9 fm 2

¢IELB)+(1-g™) g™ FITN(b=1)  besy;u{0]
F(b) bes\{L}
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We note that in this solution we have included the terms X“°' and
Xak+!L  which, according to the confining condition (5.10), should be
identically zero. Using the simple relations (5.24), it follows directly that
this is indeed the case. The advantage of including these terms in the above
way is that it enables us to prove the solution without treating the bound-
ary separately. From the definition (5.23} it also follows immediately that
the initial condition (5.9) is satisfied.

Proving that (5.26) is indeed the solution of the recurrence relation is
now straightforward but rather tedious. Inserting (5.26) into the recursion
relation, using the explicit form of the function H as listed in Eq. (A.4), we
find that only the following four relations need hold:

Fh(b)—F,_\(b)

=q,,,_|[F7"_I(b_1)+qh+th+2(b+1)+q—h+l(l_qm—-l)l:h—l(b_z)] bES,

m—1 m-2

F',',,+l(b)~Fh+l(b)

m—1

=g F b+ 1)+ g7 I FL b~ )4+ gt L =g ) FLE(0+2)) bes,
Forlih)—Fi+i(b+1)

=g FE b)Y+ g FE (b= )+ g (1 — g™ Y P L (b—1)] bes,
Fo(b)—F_\(b-1)

=g [Fh_(b)+q"* ' FhA(b+ 1)+ "1 — g™ ) Fhr2(b+1)] bes,

(5.27)

The restriction on b make these special cases of more general expressions,
which we will show to be true for all values of b. If we widen their
applicability in this way, the relations can in fact be combined to give
simpler ones. In turn, these relations can be further simplified by requiring

that they hold term by term in j. The resulting pair of relations are much
stronger requirements than the original set, but still they hold. Defining the

function
s — < —ys2+klk+y—56) m ]
[ Zo{q [k’kﬂ_b

k=

_ avs2+klk+y+b) m 28
1 [k,k+y+b]} (5.28)

where we have set 2(L + 1) j+ a=1, these two relations are
fhB)=fnb=1)=g"[g"f 2 23(b+1)—qg "+ f0 % (b~2)]  (529)
[l = i (B)=q" [0 b=+ "0 (b + 1)
+q 7 (=g ) [ (6 =2)] (5.30)
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The function f~, consists of two polynomials. One, the first term within
the curly braces, has only positive coefficients and the other, the second
term, has only negative coefficients. If we demand that Egs. (5.29) and
(5.30) be satisfied for the ‘positive’ and ‘negative’ polynomials independ-
ently, and we set y F b =n, respectively, this yields

< kik 4 n) m _ v k(k +n+1) m
kgoq l:k1k+n] kgoq [k,k+n+1:|

- -1
—pm-n kik+n—-1) m
7 Z 1 [k,k+n—1:|

k=0

o amEn+l < k(k +n+2) m—1
4 24 [k,k+n+2] (331)

k=0

for Eq. (5.29), and
S kik+m m _ & kkem| m—1 ]
A—go ! I:k, k+ ”:l kgo 1 [k’ k+n

— am=1 < kik+n+1) m—1
="' L 4 [k,k+n+1

k=0
_ o m—n - kik+n—1) m_l :I
9 ,Z;Oq [k,k+n—l

bad m—2
+qm+n(1_qm—l) qk(k+n+2)|: :I (532)
,Z:o k,k+n+2

for Eq. (5.30). The proof of these final two equations is now elementary.
Equation (5.31) follows immediately from (5.16) and (5.17) if we set
I=k+nand =k +n+1, respectively. Equation (5.32) follows from (5.16)
with I=k +n.

Regime 2*. Finding and proving the solution of the recurrence
relation for regime 2* proceeds along similar lines as in regime 1 *. To
remove any confusion we will denote the one-dimensional configuration
sums in regime 2* by Y“’“. First of all, the g=1 limit (5.21) is still valid.
Generating large polynomials reveals that in this case the configuration
sums yield Virasoro characters with s=ag and r=5 for b</—1, and
r=b—1 for b=+ 2, or linear combinations of two characters.

We replace 4 in (1.4) by L+ 1 according to (1.6) and define the
auxiliary function
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Gr(b)=q(a—r)a/2 Z {q(L+l)Lj2—[(L+l)r—La]j+k[k+2(L+l)j+a—b]
m

Jk=—c0

m

|k, k+2(L+1)j+a—b,

- m -
“Lk, k+2(L+ 1)j+a+b_}
which satisfies the following simple relations:

G (b)= -G, "(=b)

_q(L+l)Lj1+[(L+l)r+La]j+ar+k[k+2(L+l)j+a+b]

GL+* (L+1+4b)=—q L+*"VGL-"(L+1—b)

G(0)=(1-¢")G,, (1)
Again we define four sets

ty={1,3,.,1—1}
tr={I4+2,143,.,L—1}
t;=1{2,4,.,1}
ty={l+1,1+3,., L}

The solution of the recurrence relation then reads

G(b)
442G (b)
Yabh—t = gmHbb =1 g PGE (b)Y + (1 —g™) g"*GE (b +1)
-(1-g"g7'G,,_\(1)3,,
Gh(b)

Gil(b)

g G (b)

g747GY " (b)+ (1= ™) "G4 (b + 1)
G (b)+(1—g™)q "Gt A (b—1)

yabh = gmHih.b.b)

Gh(b)

mHb.b.b+1) o g "G (b)
q—b/2G£:"— l(b)
Ghb)+(1—¢™)q "G (b—1)

m—1

yourtl=q

ben\{1}
beryu{L+1)}

bet,
bet,

bet,
bet,
bet,
bet,

bet,
bet,
bet,
bet\{L}

(5.33)

(5.34)

(5.35)

(5.36)
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As in regime1* we have extended the solution to include the term
YeL+1L which, using (5.34), indeed yields zero. However, in contrast to

n

regime 1*, we can no longer extend the above solution to the term Y42',
which according to (5.36), would not be zero. Therefore, in proving the
recurrence relation we have to treat cases that involve this boundary term
separately. This ‘irregularity’ is, however, compensated by the exceptional
terms Y“2! of (5.36) and H(1, 2, 1) of (A.5). As a result, inserting the above
solution into the recurrence relation, using (5.34), we again obtain only
four relations that should hold:

Gh(b)= G, _\(b)

Q"G b+ )+ g G R (b= 1)+ ¢ (1 =g )G A(b+2)]  bey,
Gho (b))~ Gh 7\ (b)

g G M= D+ g G b+ g T 1 —g" Y G N -2)]  bed,
GErUb)—~GhTN(b—1)

@GN B+ T IGE N b+ D)+ g (1 —g™ ) GE b+ )] bet,
Gl (b)—-Gt _(b+1)

"G _ (DY +g PG A b~ 1)+ g 1 — g )Y GETA(b—1)] bet,

(5.37)

m]

Again these equations hold for all values of b and we drop the restric-
tions on 5. Doing so, we can combine the four equations to give simpler
equations. As before, there are true term by term in j. Setting
2(L+1)j+a=1y, we find

~fab+ D)=q"[g =" £33 =) —g" "' 1150 +2)]

) = [ (D) =g "' [f b+ D)+ LA~ 1)
+qb+l(1 m—l)fb-}-z b+2 (538)

with /% defined in (5.28). Finally, making the same splitting into “positive’
and ‘negative’ polynomials as before, now setting y Fb= —n, yields
precisely Egs. (5.31) and (5.32).

Regimes 3* and 4*. As explained previously, the form of the
soution of the solution of the recurrence relation for regimes 3* and 47
can simply be obtained by replacing ¢ with 1/g in (5.36) and (5.26), respec-
tively. It should again be stressed that the precise meaning of the variable
q in the various regimes is not related, and is given by Eq.(5.3) in
regimes 1 * and 2%, and by (5.12) in regimes 3* and 4*.
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5.4. Thermodynamic Limit

In this section, using the solutions for the one-dimensional configura-
tion sums X2’ and Y“’*, we obtain expressions for the local height
probabilities P*(a).

Regime 1*. As described in Section 5.1, in regime 1* we have only
ferromagnetic ground-state configurations. Hence we need to calculate

—azl'./rrS(a) Xabb(q)
PP(a)= lim —Z . m ,
=, ST ™ s(a) X7 (g)

b=1,3,.,LI+1,/+3,.,L—1 (5.39)

From the solution (5.26) for the one-dimensional configuration sums,
we find that we have to consider the m — oo limit of the auxiliary function
F:, defined in (5.23). To do so, we need the result

: < kik + a) m — 1
lim ) ki [k,k+a]q 0@ (5.40)

m—-'XJk=_OC (Q)

which holds for arbitrary fixed a. To establish this, we take the limit inside
the sum and use the elementary result

lim (@) ! (5.41)

m
= l.
mos o [k’ k +a:|q '"]_’rn":‘ (q)l\ (q)k+a(q)rrl—2k—a (q)k (q)k+u

to obtain

1. i Kkt ) m i qk(k+a) 1 "
m 4 = = .
1 [k,k+a]¢, k=0 (e (@Dira 0Qlg) 642)

Here the last equality follows from the g-analog of Kummer’s theorem,'?!

n—
T k= -

k(k—l)zk ] 1

d q
= 543
Eo(l—q)-~~(l—q")(1—z)(l—zq)---(l—zq"“) ,Eol—zq" 64)

by setting z=¢“*". From the above considerations we conclude that, in
the m — co limit, the auxiliary function F?, yields the Virasso characters
defined in Eq. (1.4):

(a—s)a/2 0 N
: 3 — (L+2) L+ D)2+ [(L+2)a~(L+1)s]))
lim FS(b)= 0@ Y {q
m— o q j=—w
(L+2UL+ D2+ (L+2a+(L+1)s]j+as
—q }
_ la—sya2— a0 opa (L4 2) )
=9q : Xa.s (q

~ g a2 g) (5.44)
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In the last step we have used A =nL/[4(L+ 1)], and have omitted terms
independent of a.

Substituting the appropriate elements of the solution (5.26), the X%,
into the expression for local height probabilities, and using the limiting

behavior of F? , we find
S(a)xis* *(q)
bb 8
Pha= Yoo S(a) xihr P g) 549
where
b b=1,3,.,1
={" 5.
d {b+1, bl 1, I 43, L—1 (5.46)

We note that s takes the values 1, 3,..., L.
By performing the conjugate modulus transformation (C.8), we rewrite
the Virasoro characters as

— /24— YLAhth— 1)] 70\ 1/2
w4 :
(g) = (‘)

0(q) n
nf r s n{or §
— _Z - ——+- 547
x[33<2(h—1 h)’t> 93<2(h—1+h)”)] (47)
where
g = e and {=e "% (5.48)

As a result the local height probabilities can be written in the form

S(a) a s r(_4 o
P™(a)= N(s)[9< <L+1 L+z>")—‘9’<2(L+1+L+2>">]

{5.49)

where the normalization factor in the denominator is given by

a S T a )
N(S)‘ZS(”)[ ( (L+1 L+2)’I)~93(5(L+1+L+2)’t)]

f S(a) 9 <<Lil L—_%)t) (5.50)
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We recall that the nome ¢ is defined in terms of the nome p as
g =exp(—12nj/e). This yields the following relation between the nomes p
and t:

p=13L(L+2) (551)

From the definition of the crossing factor

3,(4al, p)
=(—1) L= )
S(a)=(-1) 9.(2a%. p) (5.52)
and the simple identity
9,(2u, p) _ 9,(2u, p?) 95(u, p) (5.53)

4(u, p) — PQ(p*) Q(p*)

we find an alternative form for S:

an arl
-9 6L(L +2) 3L(L+2) )
Sta) ‘(L+1’t )93(2(L+1)’t ) (5.54)

where we have again neglected a-independent factors. Substituting this
back into the definition of the normalization factor, we find that the
summation in N (s) can actually be performed to give

S(a) _ (o LeL+32 Sl(aﬂ.’/(L+ 1)’ t6L(L+2))
NI(S)_ 2(L+ 1) Q172U L+ Dy Q'L +2)y
S3(anL/[2(L + 1)], 3HE+2) §,(sm/(L + 2), t6HE+ 1)
8,(n/6, L INLHDY g (dsn/L + 2), (OLE+T))

(5.55)

The proof of this denominator identity, being rather technical and lengthly,
is given in appendix B.1.

Regime 2*. The working for regime 2% is very similar to that of
regime 1*. Again we have only ferromagnetic ground states, and we are
interested in calculating

wuz/l/nS(a) Yabb( )
bb — It q m q
P = St T Sta) 7)

b=1,3,..01-0L1+2,1+4,. ,L-1 (5.56)
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From the solution (5.36) for the one-dimensional configuration sums
we see that we have to take the limit m — co of the auxiliary function G”,
defined in (5.33). Using the result (5.40) yields

{a—r)a/2 <)
z {q"‘* 1) Lj2— [(L+ 1)r— Lalj

Q) ;.=

(L+1)sz+[(L+l)r+La]j+ar}

lim G (b)="1

—q

(a—rya/2— 4LV v cp2a (L + N(q)

= q Xr.a
~ g it g) (5.57)

where we have used that A =n(L+2)/[4(L+1)].

Substituting the elements Y“%” of the solution (5.36), and using the
limiting behavior of G,, we find that the local height probabilities are
given by

S(a) 0t (g)

Pbb = .
@ =5 Sa) 15 ig) (5.58)
where
b b=1,3,.,1—1
- ] Y 9 b .S
g {b—l, b=1+2,1+4,.,L—1 (5.59)

We note that r takes the values 1, 3,.., L — 2.
If we use the conjugate modulus form of the Virasoro characters, we
can rewrite this as

S(a) nlr a nfr a
PG ezhi) ) Gl ) )] om

where the normalization factor in the denominator is

2L+
Nyr)= Y S 3<3<1—L>,z) (5.61)
=L @9 (3(z- 157

From the relation between the nomes p and ¢ e find that p and ¢ are again
related as in Eq. (5.51). Inserting the form (5.54) for the crossing factor S
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into the expression for the normalization factor N,, we can carry out the
summation over a. The result, proved in Appendix B.2, is

S(a) _I~(L+2)(2L+l)/2 31((177:/([.-}- 1)’ t6L(L+2))
Nz(r)— 2(L+ 1) Q(tlzL(L+2)) Q(tlz(L+l)(L+2))

3(anL/[2(L +1)], PHE+2Y @ (pr/L, (8- + L +2))
31(n/6, PHE*D) 9, (2rm/L, (8EF D+ D)y

(5.62)

Regime 3*. The solution of the recurrence relation for regime 3+
is obtained by replacing g by 1/4 in the solution (5.36) for regime 2*. We
therefore need to consider the auxiliary function G, with ¢ replaced by
1/g. The effect of this replacement on the Gaussian multinomials is given

by
m — kP ki— ke nm | T
L], ), (563)

Applying this to G/, we find

(r—a)a/2

G, (b)=
»

q
{q(L+l)Lj UL+ D r-Lalj+ k24 [k+ 2L+ 1)+ a-b1-m[2k + 2L + 1) j+a-b]

_k,k+2(L+l)j+a—b_

q—(L+ DL+ [((L4+)yr+Lalj—ar+k2+ [k+2L+ 1) j+a+bP—m[2k+2L+1)j+a+b]

B m T
5.64
x_k,k+2(L+1)j+a+b_} (5.64)

In the first term we replace k by —k—(L+1)j+(m—pu,—a+ b}/2 and in
the second term we replace k by —k —(L+1)j+ (m—u,—a—b)/2, where
H#,=0, 1 is determined by the requirement that

(m—pu,—a+b)2eZ (5.65)

The subscript of u, indicating its dependence on a, is included for later
convenience. After simplification, we thus obtain



Order Parameters of the Dilute A Models 495

fv o)
26— — (B + gy —m? - as)2 242 + 2pgk
e DEPLATT D YL
Sk=—cc

x {qu_+ INL+2)/24 [(L+2)a—(L+1)s))

i m
x_(m—ya—a+b)/2—k—(L+l)j, (m—ua+a—b)/2—k+(L+l)j]

(L+IHL+2)j2+[(L+2)a+(L+1)s]j+as

)

[ m
“Lim—p,—a—by2—k—(L+1)j, (m——p,,+a+b)/2—k+(£+l)j:l}
(5.66)

Antiferromagnetic Phases. In contrast to the previous two
regimes, we now have antiferromagnetic as well as ferromagnetic phases. At
first, we restrict our attention to the antiferromagnetic ground states, and
calculate

azi./nS(a) Yabb+ l(q—l)
Pbb+l — 1 q N m R
(a) ml-inm L qwi/nS(a) Yahb+l(q-l)

a=1 m

b=1,2,4,6,. L—1

(5.67)

It follows from the solution (5.36) that we have to find expressions for the
function G’, of Eq. (5.66) in the m — co limit. To do so we use the result

L3

. 2m . (q)Zm (q)m+a
1 =1
ml—l:nw l:m —a,m —b:l ml—l;noo (q)m—a (q)m+u (q)m—b (q)a+b
1 1
- . a+b>0 5.68
0@y G4

We therefore conclude that, in the limit m — oo, the auxiliary function
G-+ is given by a product of Virasoro characters,

s . 1 o qzk2 + gk
llm qm-/ZG’2,f7 —x(b) _ q(b + iy~ as)/2

- o0 Q(Q)k=0 (q)'-’-k‘*‘itu

o
x Z {q(L+2)(L+1)j2+[(L+2)a—(L+1):];
Jj= -
(L+2)(L+l)jz+[(L+2)u+(L+1)x]j+a.\-}

-q
2 —as)y2 — (L+2) /2
=g VI Ao ST AT Sy a(q) X5 PUg)
~ g™ (@) 1T g) (5.69)
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with A=n(L+2)/[4(L+1)]. In the last step we have used the following
Rogers—Ramanujan identity®"’ for the ¢ = § characters x, and x,,:

© 2k + 2k

q

k=0 (Q)2k+,‘,,

1/48 — pa/2 ., (4)

=q X;t,,+l‘l(q)Eq

1748 — ny/2

Xulq)  (5.70)

In contrast to the ferromagnetic phases treated so far, the local height
probabilities for antiferromagnetic phases depend on whether m is taken to
infinity through odd or even values. We therefore write P2**!(a), where o
is defined to be the parity of m+ b,

o=m+b mod 2 (5.71)
For u, this gives
U,=0+amod?2 (5.72)

Replacing g by 1/¢ in the solution (5.36) for the one-dimensional configura-
tion sums and using the result (5.69), we find

S(a) x,.2(9) x5 2(q)
Pbb+l — Ha a,5 573
R L1 S(a) X)) 251 2Uq) (>73)
where
b, b=1
s_{b+1, b=24,. L—1 (5.74)

We note that s takes the values 1, 3,..., L.
Performing a conjugate modulus transformation, we find that the local
height probabilities are given by

bb + 1 _S(‘I)X#a/2 E L_L
P ey ==35) [93<2<L+1 L+2>”>

¥/ a R)
_‘93(5<L+1+L+2>’t>] (5.73)

where the normalization factor is defined as

N(s)—ZLilS(a)x 9 <E<L —S—> x) (5.76)
} = w2\ 2\L+1 L+2) '

From the relation between the nome p=exp(—¢) and the nome
g =exp[ —4n(n —34)/e] we obtain

p=12"4 (5.77)
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We take the conjugate modulus transformation (C.8) of the c¢=1/2
characters after first rewriting them using the formula®"
Hol2 — 1/48

-
0(q*)
Furthermore, we rewrite the crossing factor S by using the identity (5.53)
as well as the relation between the nomes p and 1. Substituting this into the
defining relation of the normalization factor N;, we can perform the

summation, yielding

S(a@) g 17T IERIAG (1420, ) /8, (LB 1L+ 2)4)
Ni(s)  2(L+1) QA =) Q(r3E+1NL+2))
Su(an/(L +1), P2 ) 9y(anL/[AL + 1)1, 1)
33(7-[/4, t(L+l)(L+2)) 31(S7t/(L+2), t(L~2)(L+|))
The proof of the denominator identity is presented in Appendix B.3.

Au2(q) = E(—g’~ %, ¢%) (5.78)

(5.79)

Ferromagnetic Phases. For the ferromagnetic phases of
regime 3% the local height probabilities are given by

qaZA/nS(a) Yabb(q—— 1 )

L g™ S(a) YeP(q~'Y
b=2,4,.0L1+1,1+3,..,L (5.80)

From the expressions for Y¢° in Eq. (5.36) it follows that we have to
consider the following combinations of the function G/, in the m — oo limit:

Gt '(b)—q""* GEF (b +1), b=2,4,.1

m—

Gh(b)—q "*PGL (b1, b=I+1,1+3,., L

m—1

P"(a)= lim =7

n— oc

Here G/, is given by Eq. (5.66) and we have neglected terms that have an
extra factor ¢”, which do not contribute in the large-m limit. We again take
m — o through even or odd values of m with a and b fixed and p,=0, 1

chosen accordingly. For this we need the result

. m 2m 2m—1

mh-r.nmq {l:m—a—b,m—a+b:|_|:m—a—b—1,m—a+b:|}
) . 1—qme? 2m

,.,h_r.an {1_ 1—g™ }[m—a—b,m—a+b]

l'. s 2m :I

mTlooq m—a—bm—a+b
—a—b

-7 (5.81)
0(g)q)2a
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where we have used Eq. (5.68). If we apply this limit to the combination of
G7, functions, it follows that
11m q(m—m+b)/"[Gb—l(b) —m th+l(b+1)]

m
nt— oo

2k + (2, — Dk

1 &g
— b—a)b2
1 g (‘])2k+y,,

o
(L+2NL+ D2+ [(L+2)a—(L+1)b]j
x ¥ {a

j=—
_q(L+2)(L+l)j2+[(L+2)a+(L+1)b]j+ub}

— b—aybj2 = 45 4 24 — 124 (L+2)
=q"""° b X116(q) Xu ~(q)

~q ) (5.82)

To obtain this result, we have used the Rogers—Ramanujan identity for the
¢ =1/2 character x/:

2k + Qug— D)k
q ¢ Q(q ) —1/24_,(4) —1/24

xiag) = “ielqg)  (5.83)
@aere Qg ¢ FRDET e

ol
I8
(=]

The left-hand side of this identity does not depend on the value of y,, and
hence the result (5.82) is independent of the parity of m. For a
ferromagnetic phase this is indeed what one would expect. Similarly, we
find that

llm q(m —m— b)/Z[Gb(b —m+th Z(b_l)]~q—u}/nX2L++2)(q) (584)

m m—1
m— o

Replacing g by 1/g in the solution (5.36) for Y, and substituting the
above results, we get

ﬂ)xﬁ”%ﬂ

bb —
PO =S Sa) 75 10) (5:83)
where
b, b=2,4,.,1
s_{b+1, b=1+1,1+3,. L (5:86)

We note that s takes the values 2, 4,..., L+ 1.
If we continue as for the antiferromagnetic phases, we arrive at the
final result

"=y Gl ) ) Gleh ) )]
P™a)= 1\/4()[‘9 I+1 22) ) G\tatta)!

(5.87)
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where the term occuring in the denominator reads

2L +1
Nes)= Y Sa) 8, G(Lil_ﬁi)”) (5.88)

a=0

Again the summation over a can be carried out, yielding

S(a) t—L(L+2)/231(n/4’ I(L+”(L+2)) 91(”/4’ t(L—Z)(L+|))

Na(s) 4(L + 1) Q2 (1L + DL+ ) o (HLT=3)y

8,(an/(L+ 1), *F* =) 9y(anL/[2L + 1)], t¥~*)
9,(st/(L+2), FL—LHDY g (sa/(L + 2), L= NL+T))

(5.89)

A proof of the denominator identity leading to this result is given in
Appendix B.3.

Regime 4*. The solution of the recurrence relation for regime 4*
is obtained by replacing ¢ by 1/g in the solution (5.26) for regime 1*.
Consequently we need to consider the auxiliary function F), with g
replaced with 1/g. Using the inversion formula (5.63) and carrying out the
same sequence of transformations as for regime 3%, we obtain

w©
— 2 i 2
F'Z"b r(b)=q(b + pg— m*—ar)/2 Z qZk + 2uqk
jk= -

X {q(L+l)Lj2—[(L+l)r—La]j

m
| (m—py—a+b)2—k—(L+1)j,(m—p,+a—b)2—k+(L+1)]]

(L+ DL+ [(L+ ) r+La]j+ar

X

-4

i i _
“Lom—p,—a—b)2—k—(L+1)], (m—u,,+a+b)/2—k+(L+1)j_}
(5.90)

Antiferromagnetic Phases. We again have antiferromagnetic as
well as ferromagnetic phases. Both types admit treatment akin to that
applied in regime 3*. In the following we therefore leave out some of the
details. We begin by treating the antiferromagnetic ground-states and
calculate

Pbb+l(a)= lim qazunS(a)X:lnbb*‘l(q_l)

m—wo 3 E_ | g7 S(a) X3P gy’ b=l L=z B9

822/74/3-4-3



500 Warnaar et al.

From the solution (5.26) we see that we have to obtain the m — oo limit
of the function F3, in Eq. (5.90). We find that in this limit we get a product
of Virasoro characters

lim g"F2 () ~ g™ ,0(9) 185 ()

where A=nL/[4(L+ 1)]. For the local height probabilities this gives

sz+|(a)= S(G)Xu,,/z(q)XS,LaH)(‘I) (592)

>E_ L S@a) x,,2(9) x5V (g)

where

r=b, b=1,3,..,L-2 (5.93)

After a conjugate modulus transformation this gives

. _S(a);(,,a,2 nf(r a _ nir a
P =5 [‘93<2<L 1)) G )]

(5.94)
with the following normalization factor:
2L+ 1 n/r a
Ns(r)= ‘Z:O S(a) %2 93 (5 (Z—L+ l)’ t) (5.95)
From the relation between the nome p and g we get
p=tHL+d (5.96)

Using the result of Appendix B.4 for the normalization factor N, we finally
obtain

S(a) Ypyr 17 HETIAG((1 4 2,) 78, 1 DA
Ns(r) - 2(L+1) Q(I4L(L+4)) Q(tZL(L+ n)

S (an/(L+ 1), PHE+9) 9 (anL/[2(L + 1)], tXE+4)
9,(n/4, tFE+DY Q (rr/L, 1L+ DL+ D)

(5.97)
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Ferromagnetic Phases. For the ferromagnetic phases of
regime 4%, the local height probabilities are
uz}./ns(a) Xabb(q— l)
P%(a)= lim m ,
) S X )
(5.98)

b=2,4,. ,1-1,1+2,1+4,., L

From the solution for the configuration sums X“%%, as listed in Eq. (5.26)
it follows that we have to take the m — oo limit of the following combina-

tions of the function F3,:

Fori(b)—g " 54 (b— 1)
Fo(b)—q™"""F, (b +1)

where F’_is given by Eq. {5.90). The infinite limit can easily be taken using

b=2,4,.1—1
(5.99)
b=I1+21+4,.L

(5.81) and (5.83), and we arrive at
lim q(mz_m—b)/z[an-bl(b)___q—m+bFf"—_ll(b__1)] —a)/n L+1)(q)

(5.100)
41 q)

nt — QO
b—la

lim q(mz m+b)/2[F’b"(b} q—m be+2(b+l)] q—al/nx

m— oo

Again we observe that the dependence on the parity of m has dropped out
Replacing ¢ by 1/g in the solution (5.26) for X% and substituting the

above results, we get
S(a) xi5* "(q)
P 5.101
= S S(a) 1% i) (100)
where
b b=2,4,.,1—1
={’ o 5.102
g {b—l, b=1+2,1+4..L (5.102)

We note that r takes the values 2,4,.., L—1
Taking a conjugate modulus transformation, we obtain the final result

S(a) r a nlr a
Pbb( )_Na( )I:s (2 (L—L—H>,I)-93 <5<2+L_+1>’t)] (5.103)

with the following normalization factor
L= ) r) (5.104)

nan=3 s (5(z-75)
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Performing the sum over g, using the denominator identity for Ny in
Appendix B.4, yields

S(a) _1=HER2G (/4 (UL D) 9 (mjd, 1L DXL )

N6(r) 4(L+ 1) QZ(t4L(L+l)) Q(I4L(L+4))

S(an/(L + 1), PHE+DY G (anL/[2(L+ 1)], tHE+9)
8, (rn/L, FEF I8 g (pp] ~(HE+ L+ 4))

(5.105)

6. ORDER PARAMETERS AND CRITICAL EXPONENTS

Following Huse,”) we define generalized order parameters in terms of
the local height probabilities obtained in the previous section:

Losin[(k+ Dan/(L+1)] _,.

be
Ris ‘El snlanL+1] L +@ (6.1)
where k=0, 1, 2,.., L—1 and
Pi(a)=3[PY*'(a) % P§(a)] (6.2)

For k =0 these order parameters are trivial because R}, =1 and Ry’_ =0.
For ferromagnetic phases there is no distinction between the two sublattice
probabilities, and so R>_ =0.

We are not able in general to perform the sum in (6.1). To determine
the associated critical exponents we therefore expand the local height
probabilities for the four regimes in powers of ¢, and hence of p. In this
process the critical values of the local height probabilities may also be
obtained, and are given by

2 an
be in 2
Pcm(a) = 1 sin < 1) (63)

in all regimes, and are independent of the boundary spins b and c.

Using the exponents obtained via the free energy, we extract the
conformal weights corresponding to the critical exponents of the
generalized order parameters.

6.1. Off-Critical Perturbation

We first identify the scaling field corresponding to the elliptic nome p.
From the scaling relations

1—a 1
=32 L T1+s

(6.4)
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and the exponents o and & obtained in Section4, we find that the
conformal weight of the perturbing field is

L+4 .

fA(sz'z) AL+ regime 1
L-2
A(L+l)=4(L+1) regime 2%
4,= (6.5)

A + 48 = 1+.L+4 regime 3

27 4L+ 1) g

1 L-2 .
\ 45+ 4%+ < 2+4(L+1) regime 4 *

We therefore conclude that the nome p corresponds to a perturbation in
the direction of the spinless operator ¢,, with

g P =0, regime 1 ¥
4 ¢(L+l) ¢(L—+11}_—| regime bE: 66)
P . .
¢(4)¢(L+2) ¢(4)¢(LL_+]?)LH regime 3
¢(4)¢(L+1) ¢(4) (LL—+1{;,—1 regime4i

Here ¢!") denotes the operator of the unitary minimal model with central
charge
6

=1—m (6.7)

6.2. Order Parameters for Regime 1+

Because this is a ferromagnetic regime, the only nonzero order
parameters are

_oes_ © sin[(k+ Dan/(L+1)]
Rif’,,_ =R = Z sin[an/(L+1)]

a=1

P%(a) (6.8)

where k=0, 1,2,..., L — 1. To evaluate the associated critical exponents, we
expand Eq. (5.55) using the representation (C.1) of the $-functions as a
series of trigonometric functions. In the ¢z — 0 limit this yields

S(a) 1 sin[an/(L+1)]

= 3L(L+2)
M)~ 2L+ Disin smiLr 2y L HOUTTTT (89)
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Expanding also the J;-functions in the expression (5.49) for the local height
probabilities and using a simple trigonometric identity for the difference of
cosines gives
PY(q) = 2 s.in[an/(L+ 1)]
L+ 1sin [sn/(L+2)]

x ¥ 7= sin (;j_nl>sin (:LJ:’Z>+0(;3L(L+2>) (6.10)

n=1

Setting n =1, we obtain the aforementioned result for the critical values of
the local height probabilities (6.2).

If we substitute the above expansion into the expression for the order
parameters, then use the orthogonality relation

2 < Sin(ann>sin<anm>= @ (5 s ]
L+1 7, L+1 L+1 L n—m2k(L+1) " Ontm 2k(L+1)

(6.11)
and interchange the order of summation, we find

bb 1 i [k+1+2m(L+1)P—1
t

“ Tsinlst/(L+2)] ,~
. ([k+ L42m(L+1)]sn
X sin

72 >+0(IJL(L+2)) (612)
To leading order we thus find

bb~sil’l[(k+ )sm/(L+2)] tk+1)2-1
k sin[sn/(L+2)]

(6.13)

Hence, for k> 1, the order parameters vanish at criticality with a power
law behavior

RE ~ plro (6.14)
where the critical exponents 8, are given by

_ 3L(L+2)

k—m, k=1,2,.,L-1 (6.15)

Here we have used the fact that p=r**“**2. To find the corresponding
conformal weights 4, we use the scaling relation

y _1—-4
k 5,

£ (6.16)
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From this relation we get

(k+1)2—1
A=~ fL+D) _ L .
FTHLF 2L+ 1) Tkrrksr k=1,2,.,L-1 (6.17)

Thus we have obtained all ‘diagonal’ weights of the Kac table (1.2).

6.3. Order Parameters for Regime 2+

To obtain the generalized order parameters for regime 2+ we closely
follow the previous working. The nonzero order parameters are again given
by (6.8), with k£ =0,..., L — 1. Expanding the results (5.60) and (5.62) for the
local height probabilities, we find

1 =

2_
bb Z t[k+l+2m(L+l)] 1

* Tsin(rn/L) =,

xsin<[k+ 1 +2r2(L+ 1)]rn

For k=1,.., L -2, the leading term is obtained for m=0. When k=L — 1,
however, the amplitude of this term vanishes and we need the next-to-

>+0(z3L<L+2>) (6.18)

leading term m= — 1. Consequently we get
sin[(k+ 1)rr/L] -
- A e A k=1,.,L—
k sin(rr/L) ’ s L =2

(6.19)
R 200 ()

where we have used the fact that r is odd. From this we can read off the
exponents

_ 3L(L+2)
T kk+1)2-1

_ 3L(L+2)
YL +2) -1

O k=1,2,.,L~2

(6.20)

To find the corresponding conformal weights 4, we again use the scaling
relation (6.16). In addition to the diagonal weights of the Kac table this
yields the conformal weight 4% ":

C(k+1) -1

4= 4L(L+1) =400 k=12, L=2
(6.21)
(L+2)*-1 Lt
4, \=—r——=4%*"

T AL(L+1)
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6.4. Order Parameters for Regime 3%

Antiferromagnetic Phases. Using the identities

93(im, p)+ 8537, p) =29,(3x, p*)
3(:: p) 3(2 4 3 : 174 (6.22)
193(§7l', P)_93(§n» P) =2|9|(37I, p )
and the result (5.79), it follows from Eq. (5.75) that
Pb_b+l(a) . 9,(71’/4, I(L+l)(L+2))
P~ N i, ) (62)
For the order parameters (6.1) this yields the relation
9 (Tt/4, t(L+l)(L+2))
R[l’-bjll—k-— = 3;(71?/4, e+ l)(L+2)) sz:l (6'24)
~ 2 t(L+ l)(L+2)/4RZ{>:-l (625)

Consequently we can restrict our attention to R;”}'.

As for the regimes 1* and 2%, we first expand the normalization
factor (5.79). We note, however, that we now need more terms in the
expansion:

S(a) _ 1 sinfan/(L +1)]
o+ x42) = (7Y Smlsn/(L 7 2)]

N(s)
L
142154 an
xli + cos (L+1

)+0(t2““2"“”):| (6.26)
Expanding the 3,-functions appearing in the local height probabilities
(5.75), we arrive at

2 sinfan/(L+1)]
L+ 1sin[sn/(L+2)]

o a_y . fam\ . { sun Li_a anL
x Y "~ 'sin <L+1)sm (—L+2>[1+2t cos (L+l>:|

n=1

+0(12(L—2)(L+I)) (6.27)

Pb_:)+l(a)=

If we apply the orthogonality relation (6.11), after substituting this
expression in the definition of the order parameters, we obtain
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1 =)
bb+ 1 Z {t[k+l+2m(L+l)]2—l

R = SabsmiL+ 21,

xsin([k+1+2m(L+l)]s7t>
L+2

= -

+t[k+l—L+2m(L+l)]2+L1—5Sin([k+ 1—L+2m(L+ l)]sn)

L+2
+,[k+1+L+2m(L+1)]2+L2—5Sin([k+ 1+ L+2m(L+1)])sn
L+2
+ 0(,2(L—2)(L+ ) (6.28)

Except for k=L — 1, the leading term comes from the first term within the
summation, with m=0. Defining the exponents J, , as in Eq. (6.14), we
can read off

L*—4

— =1,2,.,L—2 :
T kbl (6.29)

Ok + =
When k=L —1 the first and the third terms, with m=0 and m= —1,
respectively, are of the same order. Using the fact that s is odd, we find that
R+ vanishes. Because of the symmetry (6.24) this is as it should be.

— i+
Using the relation (6.25), we readily obtain the exponents

L*—4

6h_=uAQXL+UM+%L—kF—V k=1,2.,L—2  (6.30)

From the scaling relation (6.16) and the conformal weight 4, in Eq. (6.5),
we thus find

(k1) =1
BT 4L +2)(L+1)
1 —k)2—1
4 _+L)_——=A(2‘2+A(I_L—+k?}_—k

T8 T ML+ 2)( L+ )

=A(l‘.‘{ +A$cL++l,2k)+l
, k=1,2,.,L—-2 (6.31)

We conclude that we have obtained all but one of the diagonal weights of
the relevant Kac table, shifted by the diagonal ¢=1/2 weights. It is this
structure, which we observe also in regime4* below, together with the
products of Virasoro characters which we found in the local height
probabilities for these two regimes, which led to the proposal (1.7) for the
modular invariant partition function for the corresponding critical
branches.
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Ferromagnetic Phases. The derivation of the order parameters
for the ferro magnetic phases of regime 3* proceeds along similar lines to
the calculation for the antiferromagnetic phases.

The nonzero order parameters are again given by (6.8) and, using the
results (5.87) and (5.89), are found to be

1 hed 2

bb _ (et L+ 2m(L+ DR -1

Ri sin[sn/(L+2)],, z {
< sin ([k+ 1+2m(L+ 1)]s7t)
L+2

4Lk La2mL+ DR+ L5 ¢ ([k+1—L+2m(L+I)]sn)

L+2

4tk L L 2mL e D4 L2 =5 ([k+l+L+2m(L+1)]m>}
L+2

4 O~ L+ 1)y (6.32)

For k=1,.., L —2 the leading term comes from the first term within the
curly braces, with m=0:

sin{(k+ 1)sn/(L+2)] fr -1
sin[sn/(L+2)]

For k=L — 1 the first term with m =0 and the third term with m= —1 are
of equal order. Using the fact that s is even gives

) (-t (6.34)

R~ k=1,,L—2 (633)

sm
RY |~ —4cos(L+2

From these two equations we extract the exponents
5. = L*—-4
T+ 1) -1

which are the exponents ¢, , found in (6.29), plus the ‘missing’ exponent

k=1,2,., L—1 (6.35)

0L 1+

6.5. Order Parameters for Regime 4*

Antiferromagnetic Phases. From the results (5.75) and (5.97)
for the local height probabilities and the symmetry relation

. 91(71./4, tL(L+l))
R =g ooy
'93(7t/43t )

~ J2 L F 18 REb (6.36)
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we obtain the following results for the order parameters in the small-field
limit:

b+ 1
Rics sin(rmn/L)
bb+1 ey SLL—k)rm/L] () 0
RE* !~ /21 sn(rm/L) (6.37)
From this we read off the critical exponents
5 o LL+4)
T k+ 1) -1 (638)
L(L+4) '
Op_

TLL+V)A+ (L-k)P—1

where k=1, 2,.., L — 2. We apply the scaling relation (6.16) to the above
results to find

(k+ 1)2—1
“ = ICTDL =4¢ + 4550,
k=1,2,.,L—2  (6.39)

I (L—k)—1 ’
A, =— g —
R TRV TT ALY :

We have thus obtained the diagonal weights of the Kac table, with
h=L + 1, shifted by the diagonal ¢ =1/2 weights.

Ferromagnetic Phases. From the expression for the order
parameters which survive in the ferromagnetic phases (6.8), and the results
for the local height probabilities (5.103) and (5.105), we have

sin[(k+ 1)rn/L] e+ 2=
sin(rn/L) ’

RY ~

k=1,2,.,L-2 (6.40)

From this we obtain a subset of the exponents found for the
antiferromagnetic phases. We are also able to determine that

R%_,~ —4cos (%) pler2r-t (6.41)

which corresponds to the conformal weight 4(*) + 44"
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7. THE PHASE DIAGRAM

The study of the solvable manifolds spanned by the elliptic nome and
the spectral parameter reveals some aspects of the role these manifolds play
in a larger parameter space. In particular the off-critical regimes support
coexistence between a specified number of phases, each associated with a
ground state, detailed in Section 5.1 The critical branches are the critical
points terminating these coexistence lines. In the following we discuss some
aspects of the phase diagram of the dilute A models. The discussion is not
limited to the solvable manifolds, but is restricted to the region where the
weights are Z, symmetric.

When the 7, symmetry a —» L+ 1 —a is obeyed, the weights permit a
duality transformation. This transformation is a direct generalization of the
orbifold duality relating the A, , ; and D, , , Temperley-Lieb models®® to
the dilute A and D models. Since the A; and D, Dynkin diagrams are
identical, we have a dual symmetry of the phase diagram in the case L = 3.
Because the phase diagram for L > 3 is complicated by the large number of
states of the model and by the absence of a dual symmetry, we limit
detailed discussion to the case L =3. Only afterward do we mention which
conclusions are valid for general L.

The duality transformation for the case L=3 can be performed by
separating each degree of freedom into an Ising-like variable ¢ = +1 that
discriminaters between the states a=1 and a =3, and the variable s=0, 1
that decides whether a state is a=2, so that a=2+ so. For a given con-
figuration of s, the Ising variables live on the sites where s = 1. Since these
Ising variables take the same value on neighboring sites, there is effectively
only on Ising variables in each cluster of s =1 sites that are mutually con-
nected (directly or indirectly) by nearest neighbor links. Such clusters form
an irregular lattice, with interactions between them wherever they are
linked via a second-neighbor bond. On this lattice an ordinary Kramers—
Wannier duality transformation can be performed which results in new
Ising variables on the dual lattice, formed in the same way, but by the
clusters where s =0. The s-variables, fixed in the procedure so far, are now
each replaced by 1 —s. The resulting duality transformation on the weight

1S

. /1 1 2 2 . (2 2 1 1

W = =
<1 1) W(z 2)’ W(z 2) W(l 1)

. /2 1 1 2 ~ /1 1 2 2

w = = 1/2
(1 1) W(z 2)‘ W(z 1) W(l 2>2

~ /1 2 2 1 .~ /2 2 1 1

w = — —172
(2 2) W(l 1)’ W(l 2) W<2 1)2
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where the weights are symmetric under exchange of the states 1 and 3, and
the transformation rules are invariant under reflection in the diagonals of
the elementary squares.

The self-dual subspace contains all four solvable critical branches. It
constitutes a transition between a phase symmetric under exchange of the
states | and 3 and one in which this symmetry is spontaneously broken.
The nature of this phase transition is not the same everywhere in the self-
dual subspace. The phase structure within this subspace, which is equiv-
alent to the phase diagram of the O(n) loop model,®® is indicated in Fig. 3.
It may be parametrized in terms of the weights p,,..., py. If we keep the
weights p,,.., p; fixed, we may describe the self-dual parameter space in
terms of the weight p, of the ferromagnetic states and the weights pg and
ps of the antiferromagnetic states.

(a) (b)

Pg:Py

— P

Fig. 3. The phase diagram for L=3. (a) The self-dual subspace. The encircled numbers
represent the four solvable critical branches; branches 1 and 4 describe the transition of the
entire curves on which they are located, and branch 2 describes the transition across the whole
lower left Section of the diagram. The double curve marks a first-order transition. (b) The
phase diagram with an additional parameter that reverses sign under duality. In the extreme
limits (front and back) the model reduces to the interacting hard-square model.
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When p, as well as pg and p, are small, the transition (across the self-
dual space) is of second order, in the Ising universality class. It is described
by the solvable critical point of branch 2. The character of the phases is
ferromagnetic. When the weight p, is sufficiently large the transition is of
first order. These regions are separated by an Ising tricritical transition
governed by branch 1.

When, on the other hand, pg and p, are sufficiently large and p, is
relatively small, antiferromagnetic configurations, in which one of the
sublattices takes the values a=2 while the other sublattice fluctuates
between a=1 and a=3, are favored. There will be a phase separation
between regions where one or the other sublattice has a=2. The onset of
this phase separation is an ordinary Ising transition, which appears to be
independent of the transition across the self-dual subspace. It is described
by the critical point of branch 4. The independence of these transitions is
reflected in the product structure of the order parameters on this branch
[see, e.g., Eq.(5.92)] and in the value of the central charge ¢=1 (see
Table I). It implies that the transition across the self-dual subspace is of the
same (Ising) universality class on either side of the Ising transition within
the subspace.

When the ferromagnetic weight p, and antiferromagnetic weights
Ps, Py are all large relative to the other weights, the system must make a
choice between the first-order regime, in which the ferromagnetic confi-
gurations dominate, and the critical antiferromagnetic regime. From the
fact that the surface tension between these phases can be made arbitrarily
large, we conclude that the transition between the two regimes is first order.
The point where this first-order transition is met by the other two transitions
within the subspace is the critical point of branch 3.

We further observe that the transition between the ferromagnetic and
antiferromagnetic region of the self-dual subspace, persists away from the
self-dual subspace (see Fig.3b). In fact, when the weights are taken far
from self-duality, the model may be reduced to the interacting hard-square
model,**?") in which the particles are represented by a= 1 or a=3 and the
empty sites by a=2. Of course, by dual symmetry, the roles are reversed
in the opposite extreme. The hard-square model is known to have an Ising
critical and tricritical transition into a sublattice-ordered phase. We expect
the critical transition to join continuously with branch 4 and the tricritical
transition with branch 3.

We now see that the critical point of branch 3 plays a central role.
It sits at the intersection of two phase-transition manifolds, ie., the
ferro-antiferromagnetic transition and the self-dual subspace. Furthermore,
it sits at the line where both transition sheets turn first order.

For general L we expect the same topology of the phase diagram.
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Though there is no longer a dual symmetry that maps the weight space
into itselfs, the subspace given by (2.2) still plays the role of a phase trans-
ition. The universality class of the transition across this subspace varies
with L, and is that of regime III-IV of the L-state ABF model for branch 2,
and of the (L + 1)-state ABF model for branch 1. The transition between
ferro- and antiferromagnetic regions remains Ising-like for all L. Where the
transition manifolds intersect, the universality class is that of a direct
product of an Ising and a ABF model (except where they are first order).
Again, for general L there are directions in the parameter space in which
the model can be reduced to the interacting hard-square model.

To conclude, we remark that with the phase diagram proposed above
we do not do full justice to the fact that the critical behavior of branch 3
is that of the product of an Ising model and branch 1.

8. AN ISING MODEL IN A FIELD

Because the model in regime 2+ is in the universality class of the Ising
model in a magnetic field, we take a special interest in this case, and collect
the results in this section.

As we have already observed, we can make the identification
{1,2,3}={+,0, —} to relate the heights of the dilute A; model to the
states of a spin-1 Ising model. This particular model has the restriction that
a ‘+’ and a ‘—’ spin may not be adjacent on the lattice. Because the nome
p breaks the up—down symmetry, it plays the role of the magnetic field. In
regime 2* we see from TableI that the central charge of the model is
c=1/2.

Using result (4.3), we can rewrite the free energy as

© cosh 97x cosh Szx sinh 16ux sinh[ (157 — 16u)x]
—w x sinh 167x cosh 157x

Inx(u)=2 i I

k= -

x @32ikx gy (8.1)

The magnetization of this Ising model can be expressed as a linear
combination of the local state probabilities:

m={+)—(~>=P(1)-P"(3)=R}"//2 (8.2)

Analogously, we can define a density for the spin-1 model, which is the
probability that a site is occupied by a spin of either sign,

p={+>—(=>=P"(1)+P'(3)=3(1+R}) (8.3)
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When we group the following combination of elliptic function:

_%(xm/3, 18) §,(n/4, 19")~ 1
C @B Y N(r=1) 4 f6

and make some simplifications, the magnetization and density are

+0(*) (8.4)

m=4 3 I3K {E(—'f54, tl44) E(_t90’ 1240)_ 124 E( tIB 1144) E( ’30 240)}

(8.5)
p=2./6 K{85(0, 172) 85(0, 1'°) — 9,(0, 17) 9,(0, ')} (8.6)
The leading-order behavior is
In Kgng ~ p'%"°
m~*=p'? (8.7)
p—Ln~ 2= pos

The first two expressions both lead to the exponent §=15. The last
exponent is related by scaling to the conformal weights of the energy and
spin operators: 4, ,/(1 —4,,)=28/15.

9. SUMMARY AND DISCUSSION

In this paper we have considered the infinite hierarchy of dilute A
models. These models, which belong to the family of dilute A-D-E models,
can be viewed as spin-1 generalizations of the solid-on-solid models of
Andrews, Baxter and Forrester.!" For any integer L>2, the dilute A
model defines an L-state solid-on-solid model, with heights labeled by the
Dynkin diagram of the classical Lie algebra A,. At the critical point, the
Bolzmann weights (3.1) of this solid-on-solid model obey the Z, symmetry
of the underlying Dynkin diagram, but away from the critical point this
symmetry is broken for odd values of L.

For each values of L the model has four different critical branches.
Two of these branches provide new realizations of the unitary minimal
series and the two other branches can be viewed as the directed product of
this same series and a ¢=1/2 model. Away from criticality the four
branches yield eight distinct regimes.

For all regimes we have calculated the free energy. From this we have
obtained critical exponents « for even L, and exponents ¢ for odd L.
Among these results is the magnetic exponent 6 = 15 of the Ising model.

The main part of this paper is concerned, however, with the calcula-
tion of the generalized order parameters for the symmetry-breaking models
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of the dilute A hierarchy. This calculation involved the evaluation of new
sums-of-products identities for theta functions of the Rogers—Ramanujan
type. From the resulting expressions for the order parameters we extracted
a set of critical exponents é,. For the models corresponding to the unitary
minimal series, these exponents correspond to the diagonal conformal
weights of the relevant Kac table. For the models corresponding to a direct
product of a unitary minimal model and a ¢=1/2 model, the critical
exponents yield the diagonal weights of the Kac table of the minmal model
incremented by either one of the diagonal weights of the ¢ = 1/2 model.

We have not yet succeeded in computing the order parameters for the
non-symmetry-breaking dilute A models, obtained for even values of L. In
this case the Boltzmann weights no longer enjoy the diagonal property
(5.5) and additional diagonalization is required. We hope to report on
these ‘even’ members of the dilute A hierarchy in a future publication.

Another open problem is the relation between the symmetry-breaking
spin-1 Ising model, corresponding to the dilute A; model in the regimes 2*
and 27, and the integrable field theory of the critical Ising model in a
magnetic field, found by Zamolodchikov.®®*?*’ As shown by Smirnov,*®
Zamolodchikov’s S-matrix corresponds to an RSOS projection of the
Izergin—Korepin R-matrix. Hence the dilute A; model provides a likely
candidate for describing the corresponding solvable lattice model. The
precise relation between Zamolodchikov’s S-matrix, which has a structure
related to the Lie algebra Eg, and the dilute A, model remains, however,
unclear. By studying the excitation spectrum of the dilute A models, and in
particular the A, case, we hope to establish the connection, if present, in
the near future.

APPENDIX A. THE FUNCTION H

In this appendix we give the weights (3.1) in a form which is more
suitable for considering the ordered or strong-field limit, and hence for
obtaining the weight function H defined in Eq. (5.5).

We first define the new variables

w=e 2 and x=e e (A.1)

In terms of these variables, the ordered limit is given by x — 0 with w fixed.
Using the conjugate nome expressions (C.8) of the theta functions and
setting

E(u, x™*y= E(u) (A.2)

we find that the Boltzmann weights in conjugate modulus parametrization
read

822/74/3-4-4
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W(a a)zE(XGW“)E(x3w) x3E(w)E(x3w")
a a E(x%) E(x?) E(x%) E(x?)
X<x2 E(_x2a) E(x4(a+l)) E(_XZa—S)
E(_xl(a+l)) E(xda) E(_xla+1)
_ZE(_XZH)E(x‘l(a—l)) E(_x2a+5)
E(_x2(a-—l)) E(x4a) E(_x2u—l))
atl a a a \_ &g E(x*w™ ") E(—x*> w1
W( >=W<a ai1>—ga11w E(x*) E(—x***")

w( @ “>=W(a ail)
ail a a a
=g_"1:_‘_w—1x3 —x“E(_xza)E;(X‘“"i;)) 1/2
&a E(—xz("i )) E(x a)

E(w) E(—x*2~2y)
E(xa)E(_xi2a+l)
W<a ail>=W(ail a_-l;l)
a a+l1 a a
_x(E(—xﬂa“)E(—xﬂ””))'/z E(w) B(x'w™")
- E2(_X12a+l) E(xZ) E(XJ)
atl a )_ g2 wE(xzw")E(x3w")
a a¥l _ga-f-lga—l E(XZ)E(X3)
W( ) "il): _Zas18amy o EA(=X) E(xm D) E(xMer D)\
ail a gz E(__xz(a+1))E(_x2(a—1)) EZ(x4u)
E(w) E(xw™")
X—_— 7
E(x?) E(x?)
W( a ail _gzil E(x3w~l)E(xi-4a+2w)
ail a - gg E(x3)E(xi4a+2)

_Qw—lx;,xl E(—x%) E(x*9% D) E(w) E(x*%~'w)
gxzz E(—xz(ai:l)) E(x4a) E(x3) E(x:t:4a+2)
=g:2:¢1 W E(x*w) E(x*%~%w)
# E(x®) E(xt% %)
__giil we! E(w) E(x**~'w)
gi E(x3)E(xi4a—4)

)<< 1-1—1E(_XZ“)E(X4(”¢”)E(-X4) 3E‘(_xiZa—S)
X E(—x2a¥ 1) E(x%) E(x?) X E(_xj:20+l))

+x

(A.3)
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where we have omitted an overall normalization factor exp[2u(34 — u)/e]
and g, is defined in Eq.(5.6). In this alternative representation of
the Boltzmann weights, we can readily extract their leading behavior in
the ordered limit. To do so, we make use of the simple properties of the
function E as listed in Eq.(C.4) of Appendix C. It is clear from the
definition of x that the result depends on the value of A. For regime 17,
using definition (5.25), we get

0 bes,
0 bes
H(b, b, b)= ) besz
! bes,
(5(b+1) bes,
H(b+1, b, by=H(b, b, b+1)={ *° bes,
3(b+2) bes,
\3(b+1) bes\{L})

(—3(b—=1)  bes)\{1}
—i(b=2) bes,

H(b—1,b,b)=H(b, b b—1)= )
( )= H( ) <_%(b_2) bes, (A.4)
\—3(b—3) bes,
(b+1 bes,
b bes
H(b+1,b,b+1)= 2
b+ *D=9541 bes,
Lb+1 bes\{L}
—(b-1) bes\{1}
—(b—-2 bes
Hb—1,bb—1)= —Eb 2; besz
- 3
—(b-2) bes,
Hb+1,b,bF1)=1, be {2, 3,.,L—1}

To facilitate the proof of solution (5.26) we add the following two terms to
the above list: H(0,1,1)=0and H(L+1,L, L)=4(L+1).
For regime 2*, using definition (5.35), we get

bet,
bet,
bet,
bet,

H(b, b, b)=

—_—e— OO
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(L(b+1) bet,
1
L(b+2) bet,
Hb+1,6,b)=H(Mb, b b+1)={?
b+ )=H( +1) <%(b+2) bert,
\3(b+3) . bet,\{L}
(—3(b—1) bet\{1}
H(b—1, b, b)=H(b, b,b—1)={ ~2° bet,
PRI _1—%w—2) bet,
-1 bet,
b+1 bet,
b+2 be‘;
Hb+1,bb+1)= 2
( +D b+2 bet,
b+2 bet,\{L}
—(b-1) bet\{1}
-b ber
Hb-1,b,b—1)= 2
( ) —(b—-1)+6,, bet,
—(b-=1) bet,
Hb+1,b,bF1)=1 be{2,.,L—1)}

(A.5)
Now we only add the single term H(0, 1, 1) =0.

APPENDIX B. DENOMINATOR IDENTITIES

In this appendix we prove the six denominator identities used in
Section 5.4 to normaiize the local height probabilities. All identities involve
sums over products of elliptic functions similar to the sums-of-products
identities of Rogers and Ramanujan.

For brevity we shall adopt the convention that sums over j, k, I, m,
and n always run over 7.

B.1. Regime 1™

For regime 1* the denominator identity reads

AL+ an arlL
N = t6L(L+2) ( , ’3L(L+2)
=% &(L+F )‘93 2(L+1)

a=0

<3z
\2\L+1 L+2)
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=2(L+ 1) tL(2L+3)/2 Q(IIZL(L+2)) Q(tlZL(L+ l))

<9 <E LI +2) 3,(2sm/(L + 2), 84L+ 1)
1 )
6 3,(sm/(L + 2), 5L+

(B.1)

where s=1,3,5,.,Land L=3,5,7,...

Proof. To prove this identity we start by recasting the left-hand side
using the representation (C.1) of the 3-functions as infinite sums:

2L +1
Nl — _itlL(L+2)/2 Z 2 (_l)] ema(Zj+l+kL+l)/(L+l)e—m.\-I/(L+2)
a=0 jk.l
2, 2.2
x fOLL+2DU2+ )+ IL(L +2)k2 41 (B.2)

Summing the roots of unity over a, we find that the above expression
vanishes unless /= —2j— 1 —kL +2m(L + 1), with me Z. Hence we get

N|= —21(L+ 1)t3L(L+2)/2 Z (_1)j+kem'x(2j+l~2k+2m)/(L+2)
Jkom
244 2 7 —_ 2
X{6L(L+2)U i 3L(L+ 2R+ [+ 1+ AL —2m(L +1)] (B3)

where we have used the fact that s is odd.

We now carry out a sequence of transformations to diagonalize the
quadratic exponent of 1. First we make the substitution m »>m—j+k
followed by k — k +2j. Then we replace the sum over k by a sum over /
and o by setting k= 3/+ a, where a has to be summed over 0, 1, and 2.
Similarly, we replace the sum over m by a sum over n and 8 by setting
m=73n+ . Finally we make the replacements j— j—/ and ! > /—n. After
all these transformations we obtain

2
. 2 . )
Nl — —21(L+ l)t(3l_ + 6L +2)2 Z z (_1)J+aems(6n+2,8+I)/’(L+2)
x.f=0 jln
x (Aot Blla+f— 1)+ 2L(Se? + 482 + 6aff —a — 28) + 4L a2 + B2 + 2f)

X I6L(L+2)(3j+ 1+22)j+6(L+ IUNL+2)3— 1+ 22+ 28+ 6L(L+1)3n+1+420)n

= —2i(L+ 1)L +oL+ 2 (B4)

2
x Z '(_l)xt4(a+ﬂ)(1+ﬂ—l)+2L(512+4/12+6ali—1—2/1)+4L2(u2+/12+a[l)
2,f=0
x enis(2ﬂ+l)/(L+2)E( — OTIS/L 4 2) (12L(L + 1)(2+ﬁ)’ ’36L(L+l))

X E(tIZL(L+2)(2+:!}, t36L(L+2)) E( _112(L+ IML +2)(1 +2+}?), t36(L+ I)(L+2))
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where, in the second step, we have used the definition (C.3) of the function
E. The terms with « =1 are identically zero and the two terms with f=1,
a# 1 cancel. The remaining four terms factorize to give

N] — 21(L+ 1)t(3L2+6L+2)/Ze—nis/(L+2)Q(t12L(L+2))

X [E(_tl2(L+ l)(L+2), t36(L+l)(L+2))
— L+ 1)(L+2)E(_ 1, 6L+ 1)(L+z))]
X [E(_e6ﬂi3/(L+2)tl2L(L+l), t36L(L+I))

_ eZm's/(L+ Z)E( —e —6nris/(L + 2)t12L(L+ l), t36L(L+ l))] (BS)

We now note the following two elliptic function identities:

Q(p) E(x*, p)
E(—x, p) (B.6)
E(—p’ p°)— pE(—1, p°)=e™ E(e"™", p)

E(—x’p, p*)—xE(—x"’p, p*)=

To prove the first identity we note that the function f(x), defined as the
ratio of the left-hand side over the right-hand side, has the following
periodicity property: f( px)= f(x). Since the function E(x, p) is analytic in
0 < |x| < o0, the only possible poles in the period annulus p<|x| <1 are
the zeros x= +1 and x= +p'? of the function E(x2, p). Using formula
(C.4) to manipulate the function E, it is readily verified that these poles
have zero residue. Hence, by Liouville’s theorem, f is constant. Setting
x= —p' shows that this constant is one. The second identity is actually
a corollary of the first. Replacing p by p?, then setting x = p? and again
using formula (C.4) yields

E(p*, p°) Q(p*)
E(—p’ p°)— pE(—1, p°)= —p—2 2 227 ]
(=p° P)—pE(—-1,p")= —p E—p% pY)

=[] (-p"+p™)

n=1

=e™PE(e™?, p) (B.7)

Applying both identities and the relation (C.6) of Appendix C, we obtain
the desired right-hand side of (B.1).
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B.2. Regime 2*

For regime 2+ we have to prove the following identity:

2L+1 L nfr a
= gL+l g 9% 3L(L+2)>9 <_(___
P 8<L+1 ) 3(2(L+1)” s\ v/

— 2(L+ l)t(L+2)(2L+1)/2Q(t12L(L+2))Q(t12(L+l)(L+2))

T 9,(2rm/L, 515+ UL +2))
x 3, (g’ {ZL(L+1)> 3/ L. {B.8)

where r=1,3,5,.,L—2and L=3,5,7,..,

Proof. The proof of this denominator identity is similar to that
presented for regime 1*. Using the representation of the J-functions as
infinite sums yields

2L+1

N,= — AL+ )2 z Z (_l)jenia(2j+l+kL—I)/(L+l)em'r1/L
a=0 jki
x tsL(;_+z)(j2+;)+31.(1.+2):<2+12 (B9)

Performing the sum over a gives /=2j+1+kL+2m(L+ 1), where m
assumes integer values. Thus we find

N2= —2I(L+ 1)t3L(L+2)/2 Z (_1)j+kem‘r(2j+l+2m)/L
Jok,m

i2 4 2 i 2
X t6L(L+2)L(j + )+ 3L(L+22)k2+ [+ 1+ kL +2m(L+1)] (BIO)

where we have used the fact that r is odd.

As before, we carry out a sequence of transformations to diagonalize
the quadratic exponent of ¢. First we make the replacements m - m — j and
k — k 4+ 2j. Then we set k=3/+ o and m=3n+ f and finally we substitute
j— j—1 following by /- [—n. After making these transformations we
obtain

N2= —2i(L+ l)t(3L2+6L+2)/2

x Z (= 4ﬂ(ﬂ+l)+2L(3a2+4ﬂ2+2aﬂ+a+2ﬁ)+4L1(a + B2 +ap)

a,f=0
x em’r(2ﬁ+ l)/LE( _e6m'r/L[I2(L+ DL+ 2)(2+ﬁ)’ t36(L+ 1 )(L+2))

xE(tlZL(L+2’(2+°), 136L(L+2)) E(_IIZL(L+1)(I+a+;B), t36L(L+l)) (Bll)
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The terms with « =1 vanish and the terms with f =1 cancel. The
remaining four terms can be written as

N,=2i(L+ 1)t(3L2+6L+2)/2e—7rir/LQ(tllL(L+2))
1% [E( _IIZL(L+ 1) t36L(L+ l)) _ f4L(L+”E( _1 136L(L+ l))]
X [E(_e6nir/Lt12(L+ INL+2) t36(L+ l)(L+2))
_ e2rzir/LE( _e—ﬁnir/LtIZ(L+ INL+ 2), tlé(L+ l)(L+2))] (BIZ)
If we again apply the two identities of Eq. (B.6) and use the relation {C.6),
we obtain the required right-hand side of Eq. (B.8).
B.3. Regime 3*

Antiferromagnetic Phase. For the antiferromagnetic phases of
regime 3* the denominator identity is given by

21513 <1+2“a)n [LHINL+2/4) g an [2L-4)
} g8 "\L+71

anlL 1_a b a s
93<Z(L+1)’{ )83(2<L+1_L+2>’{)

= 2(L+ 1)t<L-1)(L+2)/4Q(14(L2-4))Q(12(L+1)(L+2))

x 9, <§, tu_+nu_+2)> 9, < ST ’t(L+l)(L—2)) (B.13)

L+2
where p,=a+omod 2 with ¢=0,1;s=1,3,5,..,Land L=3,5,7,....

Proof. We split the summation on the left-hand side depending on the
parity of a. Using the fact that 3;(u + in, p) = 3,(u, p) = 33(u, —p), we get

2
Ny=9, (%,(_l)ntlL+l)(L+2)/4> Z 9, (Liﬁl 2(1_2_4))

arl n/ 2a S
X93<L+1”L 4>33(5<L+1—L+2>'t>

3n 2a+ )= 2
g AL+ 1HL+2)4 2(L4—-4)
+83<—8,(—1)t >§ 3( 0 , 1 >

Qa+1)nL ,,_ nf2a+1 s
9y =L - A i N 14
3< 2L+ 1) ' )93<2(L+1 L+2)”) (B.14)
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We now represent the theta functions with ag-dependent arguments by
series to obtain

L
N3= _l-t(Ll—4)/2 Z Z (_l)jelniu(2j+l+kL+1)/(L-+-l)
a=0 jk1
xe~ni.f[/(L+2)t(Lz—d)(2j1+2j+k2)+ll

X [33 (§9 (_l)at(L+l)(L+2)/4>

4t HRLT DAL g (3_” (_1)ﬂ,(L+”(L+2’/4>:| (B.15)
8’ '

Performing the sum over a4, we find that /= —2j— 1 —kL+m(L+1) and
hence

Ny=—i(L+ 1),.(5—4)/2 Z (_l)j+kerri.\'(2j+l—2k+m)/(L+2)
Jok.m
% I(L1—4)(2j2+2j+k2)+[2j+l+kLAm(L+ ny?

x[(_l)n,93 <g’ (_l)at(L+1)(L+2)/4) + 9, <38_7r, (_l)aI(L+l)(L+2)/4>:|
(B.16)

where we have used the fact that s is odd.

Again we carry out a sequence of transformations to diagonalize the
quadratic exponent of t. First we make the replacements m — m — 2j+ 2k
and k — k +2j, followed by the substitutions k=3/+a and m=4n+f.
Finally we set j— j—/ and /—/—n to obtain

Ny= —i(L+1)tF =272

2 3
% Z Z (_1)1[ﬁ2+4a[}—4a—2/l+2L(2a2+/32+31/1‘1-/i)+LZ(212+/iz+21ﬂ]

x=0 f=0

x [(_1)ﬂ93 (%’ (_l)at(L+I)(L+Z)/4>+93 (3?7[’ (_l)a[(L+l)(L+2)/4>]

x em’s{/]+ l)/(L+2)E(_e4ni_\'/(L+2)t2(L+ IML=2X3+ ) 18(L+])(L-2))
2

4(L2-4 2 2
XE(I ( )(2+a)’ Ill(L 4))E(—12(L+”“‘+ )(5+4a+3ﬁ), 124(L+1)(L+2))

(B.17)
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In this expression the terms with « =1 vanish and the terms with =1 and
B =3 cancel. Using the simple identity

n 3n T,
1 (5.0) 49 (5 ) =2, (5.0°) (B.18)

which follows directly from (C.1), we find that the remaining four terms
factorize as

N;=2i(L+ 1)e—ni:/(L+2)t(Ll_2)/2Q(t4(L2_4)) 9, <E t(L+l)(L+2))
47

X [E( _tIO(L+ 1)(L+2)’ t24(L+ l)(L+2))
_ tZ(L+ l)(L+2)E( _ t2(L+ 1)(L+2)’ t24(L+ 1)(L+2))]
X [E( _e4ni.v/(L+ 2)t2(L+ l)(L—Z)’ IS(L+ i )(L—Z))

_eZmZ\'/(L+2)E(_e—v4nis/(L+2)12(L+ l)(L—Z), t8(L+ l)(L—Z))] (Blg)

We now note the identities
E(—x7p, p*)—xE(—x"’p, p*)=E(x, p)
E(—p®, p"*)— pE(—p, p'*)=0Q(p)
The first one follows directly from Liouville’s theorem and the second one
can be obtained from the first upon setting x = p after replacing p by p>.

If we apply these two identities as well as Eq. (C.6), we find precisely the
right-hand side of Eq. (B.13). This completes the proof. '

(B.20)

Ferromagnetic Phase. The denominator identity for the ferro-
magnetic phases in regime 3% reads

AL+l an 2 anL 2
N.= 9 12“' —4) , tL -4
4 Ee ‘<L+1’ >83(2(L+1) )

%8 <_( a__ s ),
\2\L+1 L+2)°
=4(L+ l)tL(L+2)/2Q2(t4(L+I)(L+2))Q('A(Lz-‘t))

8,(s/(L +2), 2+ D=2y g (i 4 2), (20E+ 0L -2))
X 8,(n/4, t(L+1)(L-2)) 3, (n/4, t(L+1)(L+2))

(B.21)

where s=2,4,6,... L+1and L=3,5,7,....

Proof. We begin by writing the sum over the $-functions in the
left-hand side as
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2L +1
(L2 A X
N4= —lt(L 4)/2 Z Z (_I)Jema(21+l+kL+1)/(L+l)e—mxl/(L+2)
a=0 jk,
L 4)(252 i 2 2
X t( W2t +2i+ké)+ 1 (B.22)

Summing over a yields /= —2j— 1 —kL+2m(L + 1) and hence, using the
fact that s is even, we get

N4= —21(L+ l)t(Lz_,“/z Z (_l)jenis(2j+l—2k+2m)/(L+2)
Jok,m
% t(L2—4)(2j2+2j+k2)+ [2/+ 1+ kL —2m(L + 1)]? (B23)

In order to diagonalize the quadratic exponent of ¢, we make the
replacements m -m— j+k and k — k + 2/ followed by the substitutions
k=3l+a and m=2n+ . Further replacing j —» j—/ and / -/ —n leads to
the result

Ny= —2i(L+ 1)1 -2
2 1
x Z Z t4(ﬂ2+2aﬁ—a—ﬂ)+2L(2m2+4/32+6aﬁ-a—2ﬁ)+2L1(a2+2[}2+2a[i)

x=0 f=0
is(2+ 1)/ (L +2 Aris/(L +2) y2(L + 1L —2)3+2 B(L+1XL—-2
X ™S8+ LVIL+2) ( o8mis/(L+2) (2L + 1NL=2)3+26) (BIL+1)(L—2))
2_ 2
><E-(tlt(L 4)(2+1), tlZ(L 4)) E(tZ(L+l)(L+2)(5+4a+6ﬂ)’ tZ4(L-+—l)(L+2))
(B.24)
The terms with « =1 vanish and the other terms may be combined to give

N4 = 2i(L + ])e~nis/(L+ 2)[(L2— 2)/2Q(t4(LL4))

x [E(tIO(L+l)(L+2), 124(L+l)(L+2))
+ 20+ l)(L+2)E(t2(L+l)(L+2), 2L+ l)(L+2))]
% [E(e4nis/(L+2)t2(L+ 1ML -2) B(L+ 1)(1__2))

_eZm’s/(L+Z)E(e—4rtis/(L+2)t2(L+ l)(LAZ)’ t8(L+ l)(L—Z))] (B25)

If we multiply this expression with the prefactors outside the sum in
Eq. (B.21) and use the identities

o~ il E(x, Pz) E(—xp, Pz)
E(i, p)
s @2P%)
E(, p)
we find precisely the right-hand side of Eq. (B.21). The proof of these two

relations is similar to those obtained earlier. The first identities follows
from application of Liouville’s theorem and the second identity is a conse-

E(xp, p*)— xE(x~%p, p*)=./2
(B.26)
E(p’, p'?)+ pE(p, p'?) =2 e



526 Warnaar et al.

quence of the first. Replacing the nome p by p* and then setting x = p?
yields

E(—PS,PG)

EG, p°)

— oo 17 4224 p " (1 + p*)
=00, I T

n=1

=0(p>) [l t+p*"

n=1

E(p3, p'*)+ pE(p, p'?)=/2 e "Q( p?)

2 2
=\/§e_"’/"%(f—l;)) (B.27)

B.4. Regime 4%

Antiferromagnetic Phase. The denominator identity in the
antiferromagnetic phase of regime 47 is given by

2L+ 1
O+2p)7T sy an_ o
= o Al 9 —_— (L +4)
N 2‘093( g 1 A s!

anlL LiL+4) (E(L_ a ) )
X9’<2(L+1)” S\ o)

=2(L+ l)tL(L+3)/4Q(t4L(L+4)) Q(IZL(L+I))
s rn
x 93 (Z’ IL(L+I)> 31 <I’ t(L+ l)(L+4)> (B.28)

where u,=a+omod2, with 6=0,1;r=1,3,5,., L—2and L=3,5,7,...

Proof. Following the proof for the antiferromagnetic phase of regime
3+, we split the summation on the left-hand side depending on the parity
of a. Representing the theta functions with a-dependent arguments by series
yields

Ny= — L+ 42

L
x Z Z (_l)jezm(zj+1+k1_—1)//u_+1)enir//LtL(L+4)(213+2j+k2)+12

a=0 jk1l

T s .
X[SJ (g’ (_1)6,L(L+l+)/4>+em(2j+I+I\Ll)/(L+l)

x 9y (%ﬂ (—1)7ptE "")] (B.29)
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Summing the roots of unity over a, we see that /=2j+ 1 +kL+m(L+1)
and as a result we have
N5= —l(L+ l)tL(L+4)/2

X z (_1)j+kem'r(2/+l+m)/L,L(L+4)(212+2j+k11+[2j+1+kz.+m(L+ Dy

jokom

x [( ‘1)’"93 (g, (_ 1 )oIL(L+ l)/4> + 93 (3?7[, (_ 1 )olL(L+ l)/4):| (B30)

where we have used the fact that r is odd.

We diagonalize the quadratic exponent of 1 by carrying out the follow-
ing sequence of replacements. We first set m - m—2j and k — k + 2. We
then replace k=3/+a and m=4n+f and finally we substitute j—» j—/
followed by /| —/—n. We then have

N5= —I(L+ l)t(L2+4L+2)/2

2 3
x Z Z (_1)atﬁ(ﬁ+2)+ZL(2a2+/32+aB+a+ﬂ)+L2(2a2+B2+2uﬂ)
=0 =0

3n

X (_1)[!33 (%, (_1)atL(L+1!/4>+83 (?’ (_l)a{L(L+l)/4>:\

X em’r(ﬂ+ l)/LE(_e41rir/Lt2(L+ l)(L+4)(3+I3)’ 18(L+ l)(L+4))
1% E(I4L(L+4)(2+a), IIZL(L+4)) E( __tZL(L+ l)(5+4a+3ﬂ), t24L(L+ l)) (B31)

As before, the terms with o =1 vanish and the terms with =1 and =3
cancel. Using the relation (B.18), we can write the remaining four terms as

N i 2 n
N5 = 21(L+ l)e mr/LI(L +4L+2)/2Q(I4L1L+4)) 33 (Z’ IL(L+ I))
X [E( __IIOL(L+ l)’ t24L(L+ l)) — IZL(L+ l)E( _ t2L(L+ I), 124L(L+ l))]
X [E( _e4m'r/Lt2(L+ l)(L+4)’ r8(L+ I)(L+4))
_ ezn,‘r/LE(__e—4nir/L12(L+ 1)(L+4)’ 18(L+ l)(L+4))] (B32)

After application of the identities (B.20), we obtain the required right-hand
side of (B.28).

Ferromagnetic  Phase. The denominator identity for the
ferromagnetic phase in regime 47 is
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2L+1 an anL
= t2L(L+4) , ’L(L+4)
Ne Zo ‘9‘<L+1’ )93<2(L+1) )

a=

x 3 E(L 2 t)
\2\L L+1)°
=4(L+ 1) tL(L+2)/2Q2(t4L(L+ 1)) Q(t4L(L+4))

9,(7‘7‘[/L, 12(L+l)(L+4)) 93(r7t/L, t2(L+1)(L+4))
8,(n/d, (FEI DY 3, (n/a, (TF L)

(B.33)

where L=3,5,7,..,and r=2,4,6,.., L —1.

Proof. We rewrite the sum over the 3-functions in the left-hand side

as

2L +1
N6= _itL(L+4)/2 Z Z (_l)jenia(2j+l+kL—l)/(L+l)enirI/L

a=0 jk/i{
i2 i 2 2
o UL+ Y+ kD +1 (B.34)

By summing over the roots of unity, this vanishes unless /=2j+ 1+ kL +
2m(L + 1). As a result we find

N6 - _ 2l(L + 1),L(L+4)/2 Z (_ 1 )jenir(2j+ 1+2m)/L
Jok.m
o« LL+ AU+ 2+ kD) + [2+ 1+ L+ 2m(L+ DT (B.35)

where we have used the fact that r is even.

This expression is diagonalized by carrying out the sequence of trans-
formations m—-m—j, k—-k+2j, k=3l+a, m=2n+p, joj—I and
I —[—n. This gives

Ne= —2i(L+ 1)f&3+sL+2r2

2 1
4B(B+ 1)+ 2L(202 + 42+ 2aB + a + 28) + 2L2(a® + 282 + 2af)
X !

a=0 =0
X enir(2ﬂ+ l)/LE(e47!ir/L t2(L+ l)(L+4)(3+2[3), t8(L+ l)(L+4))

xE(,4L(L+4)(2+m)’ tlZL(L+4)) E(,ZL(L+1)(5+4«+6/3), t24L(L+l)) (B36)

Here the terms with a =1 vanish. The other terms may be combined to

N6=2i(L+ 1)e—nir/Lt(L2+4L+2)/2Q(t4L(L+4))
x [E(IIOL(L+ I)’ [HLL+ 1)) + UL+ I)E(IZL(L+ 1), 128+ 1))]

X [E(e4nir/Lt2(L+ l)(L+4)’ t8(L+ l)(L+4))

_eznir/LE(e-dm'r/LIZ(L+ INL+4) (B(L+ l)(L+4))] (B.37)
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If we again use the identities (B.26) and multiply the above expression by
the correct prefactors from the left-hand side of (B.33), we indeed obtain
the right-hand side of (B.33).

APPENDIX C. THETA FUNCTIONS

In this appendix we list several definitions and relations for the
Jacobian 3-functions used in the main text. For a more complete introduc-
tion, we refer the reader to, e.g., ref. 31.

The four standard 3-functions, of nome p, |p| <1, are defined as the
following infinite sums®?):

Sl(u, P)=|9](u)= —l z (_l)np(2n+l)2/4e(2n+l)iu

(=1)y p@+ VP sin(2n + )u
o

8,(u, P)=92(u)= z p(2"+1)2/4e(2n+l)iu

n= -—oo

=2 Y p¥+ %4 cos(2n + 1)u
n=0

=2

18

< (C.1)
83("“3 P) = \93(“) = z p"ze2niu

n= —o

=142 Y p" cos2nu
n=1

Iy(u, p)=84(u)= Z (—1)"p"2e2"""

=142 Y (—1)"p” cos 2nu
n=1

By virtue of Jacobi’s triple product identity,!'® the theta functions admit a
representation as infinite products

9,(u)=2p"sinu [] (1—2p* cos 2u+ p*')(1 — p*)
1

n

g |

n=1

95(u)=2p" cos u [ (1+2p* cos2u+ p*)(1 — p*)
- (C.2)

So
=
2

I
—8

(142p%~ " cos 2u+ p*~2)(1 — p*)

3
]

o
=
E

I

—18

(1 —2p*> ="' cos 2u+ p*~2)(1 — p*™)

3
]
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Another function which proves to be useful is

E(x,p)= 3, (=1)yp x"=T1] (1-p""'x)(1—p"x~")(1 - p")
n= —w n=1
(C.3)
From its definition it follows immediately that
E(x, p)= E(px~"', p)= —xE(x"", p)
E(Xp", p)= (_x)—np—n(n—- l)/ZE(x, P)
C4
Ep. p°)=Q(p) (€4
1 0 b
lim E(xp*, pb)={ e
p—0 1 —x, a=0
where the function Q is defined as
o(p)=1T1 (1-p") (C.5)
n=1
The 3-functions can be expressed in terms of the E-function as
8,(u, p)=ip'e~“E(e*™, p?)
92(14, P) = pl/4e—qu( _82iu7 Pz)
(C.6)

83(14, p) = E( _peziu’ PZ)
84(u, p) = E(pe*™, p?)

Likewise, the conjugate modulus transformation of the theta functions,
which relates J-functions of nome p =exp(—¢) to those of none

p=e " (C.7)
can be written as

91(1«(, p =

(C8)
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We note that these relations follows directly from the Poisson summation
formula.

ACKNOWLEDGMENTS

We wish to thank Vladimir Bazhanov for useful discussions. This

work has been supported by the Stichting voor Fundamenteel Onderzoek
der Materie (FOM) and the Australian Research Council.

REFERENCES

1. G. E. Andrews, R. J. Baxter, and P. J. Forrester, J. Stat. Phys. 35:193 (1984).

2. D. A. Huse, Phys. Rev. B 30:3908 (1984).

3. J. L. Cardy, Nucl. Phys. B 270{FS16]:186 (1986).

4. V. Pasquier, Nucl. Phys. B 285[FS19]:162 (1987).

5. V. Pasquier, J. Phys. A: Gen. 20:L1229, 5707 (1987).

6. S. O. Warnaar, B. Nienhuis, and K. A. Seaton, Phys. Rev. Leit. 69:710 (1992).

7. S. O. Warnaar, B. Nienhuis, and K. A. Seaton, Ini. J. Mod. Phys. B 7:3727 (1993).

8. S. O. Warnaar and B. Nienhuis, J. Phys. A: Math. Gen. 26:2301 (1993).

9. A. L. Owczarek and R. J. Baxter, J. Stat. Phys. 49:1093 (1987).

10. B. Nienhuis, Int. J. Mod. Phys. B 4:929 (1990).

11. A. G Izergin and V. E. Korepin, Commun. Math. Phys. 79:303 (1981).

12. Ph. Roche, Phys. Lett. 285B:49 (1992).

13. B. Nienhuis, Physica A 177:109 (1991).

14. R. 1. Baxter, Exactly Solved Models in Statistical Mechanics (Academic Press, London,
1982).

15. H. W. J. Blite and B. Nienhuis, J. Phys. A: Math. Gen. 22:1415 (1989).

16. S. O. Warnaar, M. T. Batchelor, and B. Nienhuis, J. Phys. A: Math. Gen. 25:3077 (1992).

17. A. Kuniba, Nucl. Phys. B 355:801 (1991).

18. R. J. Baxter, J. Stat. Phys. 28:1 (1982).

19. G. E. Andrews, The Theory of Partitions (Addison-Wesley, Reading, Massachusetts,
1976).

20. E. Date, M. Jimbo, T. Miwa, and M. Okado, Phys. Rev. B 35:2105 (1987).

21. L. J. Slater, Proc. Lond. Math. Soc. 54:147 (1951).

22. P. Fendley and P. Ginsparg, Nucl. Phys. B 324:549 (1989).

23. B. Nienhuis, Physica A 163:152 (1990).

24. R. J. Baxter, J. Phys. A: Math. Gen. 13:L61 (1980).

25. R. 1. Baxter, J. Stat. Phys. 26:427 (1981).

26. D. A. Huse, Phys. Rev. Lett. 49:1121 (1982).

27. R. J. Baxter and P. A. Pearce, J. Phys. A: Math. Gen. 16:2239 (1983).

28. A. B. Zamolodchikov, Int. J. Mod. Phys. A 4:4235 (1989).

29. V. A. Fateev and A. B. Zamolodchikov, Int. J. Mod. Phys. A 5:1025 (1990).

30. F. A. Smirov, Int. J. Mod. Phys. A 6:1407 (1991).

31. E. T. Whittaker and G. N. Watson, 4 Course of Modern Analysis (Cambridge University
Press, Cambridge, 1915).

32. 1. S. Gradshteyn and I. M. Ryzhik, Table of Integrals, Series and Products (Academic

Press, New York, 1965).

822/74/3-4-5



