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We record the number n; of occupied patches at each
time ¢.

A typical approach is to suppose that (n;, t > 0) IS
Markovian.




We record the number n; of occupied patches at each
time ¢.

A typical approach is to suppose that (n;, t > 0) IS
Markovian.

Suppose that there are N patches.

Each occupied patch becomes empty at rate ¢ (the
local extinction rate), colonization of empty patches
occurs at rate ¢/N for each suitable pair (¢ Is the
colonization rate) and immigration from the mainland
occurs that rate v (the immigration rate).




The state space of the Markov chain (ns, t > 0) IS
S =1{0,1,..., N} and the transitions are:

n—n+1 atrate (V—I—%n)(]\f—n)

n—n-—1 at rate en




The state space of the Markov chain (ns, t > 0) IS
S =1{0,1,..., N} and the transitions are:
C
n—n+1 atrate (V—I—Nn)(]\/'—n)
n—sn-—1 atrate en

This an example of Feller’s stochastic logistic (SL)
model, studied in detail by J.V. Ross.

Ross, J.V. (2006) Stochastic models for mainland-island
metapopulations in static and dynamic landscapes. Bulletin of
Mathematical Biology 68, 417-449.

Feller, W. (1939) Die grundlagen der volterraschen theorie des
kampfes ums dasein in wahrscheinlichkeitsteoretischer behand-
lung. Acta Biotheoretica 5, 11-40.
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Many species have life cycles (often annual) that
consist of distinct phases, and the propensity for
colonization and local extinction is different in each

phase.




Many species have life cycles (often annual) that
consist of distinct phases, and the propensity for
colonization and local extinction is different in each

phase. Examples:

The Vernal pool fairy shrimp (Branchinecta lynchi) and
the California linderiella (Linderiella occidentalis), both

listed under the Endangered Species Act (USA)

The Jasper Ridge population of Bay checkerspot
butterfly (Euphydryas editha bayensis), now extinct




For the butterfly, colonization is restricted to the adult
phase and there is a greater propensity for local
extinction in the non-adult phases.




For the butterfly, colonization is restricted to the adult

phase and there is a greater propensity for local
extinction in the non-adult phases.

We will assume that that colonization (C) and
extinction (E) occur in separate distinct phases.




For the butterfly, colonization is restricted to the adult
phase and there is a greater propensity for local
extinction in the non-adult phases.

We will assume that that colonization (C) and
extinction (E) occur in separate distinct phases.

There are several ways to model this:

» A quasi-birth-death process with two phases

» A non-homogeneous continuous-time Markov
chain (cycle between two sets of transition rates)

» A discrete-time Markov chain
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For the butterfly, colonization is restricted to the adult
phase and there Is a greater propensity for local
extinction in the non-adult phases.

We will assume that that colonization (C) and
extinction (E) occur in separate distinct phases.

There are several ways to model this:

» A quasi-birth-death process with two phases

s A non-homogeneous continuous-time Markov
chain (cycle between two sets of transition rates)

» A discrete-time Markov chain [
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Recall that there are N patches and that »; is the
number of occupied patches at time ¢. We suppose
that (ns, t =0,1,...) Is a discrete-time Markov chain
taking valuesin S ={0,1,..., N} with a 1-step
transition matrix P = (p;;) constructed as follows.




Recall that there are NV patches and that n; Is the
number of occupied patches at time ¢. We suppose
that (ns, t =0,1,...) Is a discrete-time Markov chain
taking valuesin S ={0,1,..., N} with a 1-step
transition matrix P = (p;;) constructed as follows.

The extinction and colonization phases are governed
by their own transition matrices, £ = (¢;;) and C' = (¢;;).

We let P = EC If the census is taken after the
colonization phase or P = CFE If the census Is taken
after the extinction phase.




2
t t+1  t4
t—1

P=FEC

L J
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The number of extinctions when there are i patches
occupied follows a Bin(i, e) law (0 < e < 1):

€iik = (;) e"(1—e) " (k=0,1,...,9).
(e;; = 0 1f j > i.) The number of colonizations when
J

there are i patches occupied follows a Bin(N — i, ¢;)
law:

N —i -
Ciji+k = ( L Z>C’]é€(1_c’i)N—Z—k (k207177N_Z)
(Cij:Oifj<7;.)

-
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Thus, we have the following chain-binomial structure:

Nnt+1 = ’ﬁt + Bln(N — ’ﬁt, C’Fbt) ﬁt = Nt — Bin(nt, 6) (EC)
N1 = Tt — Bin(ﬁt, 6) ng = ng + Bln(N — Ny, Cnt)~ (CE)




Thus, we have the following chain-binomial structure:

Nnt+1 = ﬁt + Bln(N — ﬁt, C’Fbt) ﬁt — Nt — Bin(nt, 6) (EC)
N1 = Tt — Bin(ﬁt, 6) ng = ng + Bln(N — Ny, Cnt)~ (CE)

For the CE model (only) it is easy to show that n; 1
has the same distribution as the sum of two
Independent binomial random variables:

nes1 2 Bin(ne, 1 —e) + BiN(N — ny, (1 — €)en,).




Thus, we have the following chain-binomial structure:

Nnt+1 = ﬁt + Bln(N — ﬁt, C’Flt) ﬁt — Nt — Bin(nt, 6) (EC)
N1 = Tt — Bin(ﬁt, 6) ng = ng + Bln(N — Ny, Cnt)~ (CE)

For the CE model (only) it is easy to show that n; 1
has the same distribution as the sum of two
Independent binomial random variables:

nes1 2 Bin(ne, 1 —e) + BiN(N — ny, (1 — €)en,).

So, (1 —e)¢; Is the effective colonisation probability
when there are : occupied patches.

-
m



» ¢; = (i/N)c, where ¢ € (0, 1] IS the maximum
colonization potential.

(This entalls ¢p; = dp;, SO that 0 IS an absorbing
state and {1,..., N} Is a communicating class.)




s ¢; = (i/N)c, where c € (0, 1] Is the maximum
colonization potential.

(This entalls ¢p; = dp;, SO that 0 IS an absorbing
state and {1,..., N} Is a communicating class.)

s ¢; = ¢, Where ¢ € (0,1] Is a fixed colonization
potential — mainland colonization dominant.

(Now {0,1,..., N} is irreducible.)




s ¢; = (i/N)c, where c € (0, 1] Is the maximum
colonization potential.

(This entalls ¢p; = dp;, SO that 0 IS an absorbing
state and {1,..., N} Is a communicating class.)

s ¢; = ¢, Where ¢ € (0,1] Is a fixed colonization
potential — mainland colonization dominant.

(Now {0,1,..., N} is irreducible.)

Other possibilities include ¢; = co(1 — (1 — ¢1/cp)?),
¢, =1 —exp(—if/N)and ¢; = ¢y + (i/N)c, Where
co + ¢ € (0, 1] (mainland and island colonization).
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Henceforth we shall be concerned with X, = n;/N,
the proportion of occupied patches at time ¢.




Mainland-Island simulation P = EC (N=100, g =0.05, e =0.01, ¢ =0.05)
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Henceforth we shall be concerned with X;™ = n;/N,
the proportion of occupied patches at time ¢.




Henceforth we shall be concerned with X;™ = n;/N,
the proportion of occupied patches at time ¢.

In the mainland-island case ¢; = ¢, the distribution of n,
can be evaluated explicitly, and we have established
large-N deterministic and Gaussian approximations

for (X;™).

Buckley, FM. and Pollett, P.K. (2009) Analytical methods for a stochastic mainland-
island metapopulation model. Ecological Modelling. In press (accepted 24/02/10).




Let
p=1—e(l—c¢) q=c (EC model)

p=1-—e¢ q=(1—e)c. (CE model)
and define sequences (p;) and (¢;) by
g =q"(1—a") and p;=gq+a (t >0),

where a =p—q¢=(1—¢)(1 — ¢) (the same for both EC
and CE) and ¢* = ¢/(1 — a).




Let
p=1—e(l—c¢) q=c (EC model)

p=1-—e¢ q=(1—e)c. (CE model)
and define sequences (p;) and (¢;) by
g =q"(1—a") and p;=gq+a (t >0),

where a =p—q¢=(1—¢)(1 — ¢) (the same for both EC
and CE) and ¢* = ¢/(1 — a). Then,

ne = Bin(no, pr) + BiN(N — no, g;)
(independent binomial random variables).
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Let
p=1—e(l—c¢) q=c (EC model)
p=1—¢e q=(1—e)c. (CE model)

and define sequences (p;) and (¢;) by
g =q"(1—a") and p=gq+a (t >0),

where a =p —q¢= (1 —¢e)(1 — ¢) (the same for both EC
and CE) and ¢* = ¢/(1 — a). Then,

ny 2 Bin(no, pr) + BiN(N —ng,¢1) (2 Bin(N, %))
(independent binomial random variables).
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Let X" = n;/N be the proportion occupied at time .

P P
If X" — 20, aS N — oo, then X; = z;, where

vy = xopt + (1 — 20)qs.




Mainland-Island simulation P = EC (N=100, g =0.05, e =0.01, ¢ =0.05)
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Mainland-Island simulation P = EC (N=100, g =0.05, e =0.01, ¢ =0.05)

1 T T T T T T T T T
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Let X" = n;/N be the proportion occupied at time .

P P
If X" — 20, aS N — oo, then X; = z;, where

ry = xopt + (1 — 20)qs.




Let X" = n;/N be the proportion occupied at time .

P P
If X" — 20, aS N — oo, then X; = z;, where

ry = xopt + (1 — 20)qs.

Now put Z" .= VN(X™ — ;).




Let X" = n;/N be the proportion occupied at time .

P P
If X" — 20, aS N — oo, then X; = z;, where

ry = xopt + (1 — 20)qs.

Now put Z™ := VN(X™ — z;). Then, if 20" 2 2,

Z" L N(a'z, V;), Where

Vi=a2opi(1 —pi) + (1 —20)qe(1 — q1).




Mainland-Island simulation P = EC (N=100, g =0.05, e =0.01, ¢ =0.05)

1 T T T T T T T T T
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Can we establish deterministic and Gaussian
approximations for the basic N-patch models (where
the distribution of n; Is not known explicitly)?




Metapopulation simulation P = EC' (N=100, nyp =95, ¢ =0.3, ¢ =0.8)
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Can we establish deterministic and Gaussian
approximations for the basic N-patch models (where
the distribution of n; iIs not known explicitly)?




Can we establish deterministic and Gaussian
approximations for the basic N-patch models (where
the distribution of n; iIs not known explicitly)?

Is there a general theory of convergence for
discrete-time Markov chains that share the salient
features of the patch-occupancy models presented
here?




We have a sequence of Markov chains (n;"’) indexed
by N, together with functions (f;) such that

E(m{ Ini™) = N fi(ng™ /).




We have a sequence of Markov chains (n;"’) indexed
by N, together with functions (f;) such that

E(m{ Ini™) = N fi(ng™ /).

We then define (X;™) by X, = n}" /N.




We have a sequence of Markov chains (n;") indexed
by N, together with functions (f;) such that

EQGHIXY) = A7)




We have a sequence of Markov chains (n;"’) indexed
by N, together with functions (f;) such that

E(ny nf™) = N fy(nf” /N).

We then define (X)) by X, =n{™ /N. We hope that

if X" 2 25as N — oo, then (X)) "27 (z,), where (1)

satlsfles rir1 = fi(x¢) (the limiting deterministic model).




Next we suppose that there are functions (s;) such that

Var(nf?) [nf) = Ns(n{* /N).




Next we suppose that there are functions (s;) such that

N Var(X{3X(Y) = s(XY)




Next we suppose that there are functions (s;) such that

Var(n{¥, [nf™) = Nsy(n{" /N).

We then define (Z{") by Z" = VN (X" — ;).




Next we suppose that there are functions (s;) such that

Var(Z{1X) = si(X™)

We then define (Z{") by Z™ = VN(X™ — x;).




Next we suppose that there are functions (s;) such that

Var(n{¥, [nf™) = Nsy(n{" /N).

We then define (7)) by 2" = VN(X" — z;). We
hope that if VN(X — 20) 2 20, then () 2" (2)),

where (Z;) Is a Gaussian Markov chain with Zy = z.




What will be the form of this chain?




What will be the form of this chain?

Consider the time-homogeneous case, f; = f and
St = S.




What will be the form of this chain?

Consider the time-homogeneous case, f; = f and
St = S.

Formally, by Taylor’s theorem,

FXGY) = fla) = (X —2) f /() + -+

and so, since E(X; | X)) = f(X;™) and zy1 = f(xy),
E(Z) = VN (E(X) = fa) = f/(e) E(Z) + -,
suggesting that E(Z;1.1) = a; E(Z;), where a; = /().




We have

Var(X()) = Var(E(x(1 X)) + E(vVar(X: 1 x()).

So, since N Var(X;}|X;") = s(X;™),

Var(z3}) = N Var(X{)) = N Var(f(X(™)) + E(s(X{™))
~ arN Var(X™V) + E(s(X™)) (Where a; = f'(z;))

= aj Var(z;") + E(s(X;")),

suggesting that Var(Z;, 1) = a2 Var(Z;) + s(x;).




We have

Var(X()) = Var(E(x(1 X)) + E(vVar(X: 1 x()).

So, since N Var(X;}|X;") = s(X;™),

Var(z3}) = N Var(X{)) = N Var(f(X(™)) + E(s(X{™))
~ arN Var(X™V) + E(s(X™)) (Where a; = f'(z;))

= a; Var(Z;") + E(s(X;™)),
suggesting that Var(Z;, 1) = a2 Var(Z;) + s(x;).

And, since (Z;) will be Markovian, ...
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And, since (Z;) will be Markovian, we might hope that
Ziy1 = apdy + by (Zo = 20),

where a; = f'(x;) and E; (t =0,1,...) are independent
Gaussian random variables with E; ~ N(0, s(x;)).




And, since (Z;) will be Markovian, we might hope that
Ziy1 = apdy + by (Zo = 20),

where a; = f'(x;) and E; (t =0,1,...) are independent
Gaussian random variables with E; ~ N(0, s(x;)).

If xeq is a fixed point of f, and VN (X{" — zeq) — 20,

then we might hope that (Z,") Fop (Z¢), where (Z;) IS
the AR-1 process defined by 7, 1 = aZ; + E;, Zy = o,
where a = f'(zeq) and E; (t =0,1,...) are iid Gaussian
N(0, s(zeq)) random variables.




We can adapt results of Alan Karr* for our purpose.

*Karr, A.F. (1975) Weak convergence of a sequence of Markov chains.
Probability Theory and Related Fields 33, 41-48.

He considered a sequence of time-homogeneous

Markov chains (Xt(”)) on a general state space
(Q, F) = (E,&)N with transition kernels (K, (z, A),
r e E, A e &) and initial distributions (r,(A), A € &).

He proved that if (1) =, = = and (il) x,, — = In E implies
K,(z,, ) = K(z,-), then the corresponding probability
measures (P7) on (2, ) also converge: P = P~.




Theorem For the N-patch models with ¢; = (i/N)e, If
x5 5 ro @S N — oo, then

(Xt(i\])aXt(;V)? SR 7Xz§:r)) g (letl,CCt2, s 7xtn)’
for any finite sequence of times ¢4, to, ..., t,, Where
(x¢) Is defined by the recursion z;,1 = f(xy) with
flx)=(1—¢€e)(14+c—c(l—e)x)z (EC model)
fle)=(1—-¢e)(1+c—cx)r (CE model)




Theorem If, additionally, v N (X — z0) 2 2z, then
(2" "2P (z,), where (Z,) is the Gaussian Markov
chain defined by

Zyv1 = f(24) 2 + Ey (Zo = 20),

where E; (t =0,1,...) are independent Gaussian
random variables with E; ~ N(0, s(x;)) and

s(x) =(1—e)lc(l = (1 —e)x)(1—c(l—-e)x)
+e(l4+c¢—2¢(1 —e)z))]z  (EC model)
s(z)=(1—-¢e)le+c(l —x)(1 —c(1 —e)x)]z (CE model)
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Metapopulation simulation P = EC' (N=100, g =0.95, e =0.4, ¢ =0.8)

25




Metapopulation simulation P = EC' (N=100, g =0.95, e =0.4, ¢ =0.8)
1 T T T T T
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Metapopulation simulation P = EC' (N=100, g =0.95, e =0.4, ¢ =0.8)

1 T
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0.8 N

Deterministic path 4+ two standard deviations
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In both cases (EC and CE) the deterministic model
has two equilibria, x = 0 and = = z*, given by

S (1— ‘ EC model
S c(l1—e) (EC model)

=1 (CE model)
- c(l—e)




In both cases (EC and CE) the deterministic model
has two equilibria, x = 0 and = = z*, given by

QR (1— ‘ EC model
S c(l1—e) (EC model)
. e

r =1 (1= o) (CE model)

Indeed, we may write f(z) =z (1 +r (1 —xz/x*)),

r = c¢(1 —e) — e for both models (the form of the
discrete-time logistic model), and we obtain the
condition ¢ > e¢/(1 — ¢e) for z* to be positive and then

stable.




Corollary If¢>¢e/(1—e), so that z* given above is

stable, and vVN(X{" — %) 2 2o, then (Zz™) "5 (zy),

where (Z;) Is the AR-1 process defined by
Zip1=(1+e—c(l—e))Z + L (Zo = 20),

where E; (t =0,1,...) are independent Gaussian
N(0, o%) random variables with

o =(1—¢e)e(l—(1—e)z*)(1—c(l—e)z")
+e(14¢—2¢(1 —e)z*)?]z*  (EC model)
o’ =(1—e)le+c(l —2)(1—c(l—e)z*)]z* (CE model

-
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Metapopulation simulation P = FC' (N=100, o =0.95, ¢ =0.3, ¢ =0.8)
1 T T T T T T
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Metapopulation simulation P = FC' (N=100, o =0.95, ¢ =0.3, ¢ =0.8)
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Buckley, FM. and Pollett, P.K. (2010) Limit theorems for discrete-time metapopula-
tion models. Probability Surveys 7, 53-83.




Buckley, FM. and Pollett, P.K. (2010) Limit theorems for discrete-time metapopula-
tion models. Probability Surveys 7, 53-83.

e A general theory of convergence for sequences of
time-inhomogeneous density-dependent Markov
chains.




Buckley, F.M. and Pollett, P.K. (2010) Limit theorems for discrete-time metapopula-
tion models. Probability Surveys 7, 53-83.

e A general theory of convergence for sequences of
time-inhomogeneous density-dependent Markov
chains.

e Analysis of the scheme
Nnt4+1 = ﬁt -+ B|n(N — ﬁt, C(’ﬁt/N)) flt — Nt — Bin(nt, 6) (EC)
N1 = Tt — Bin(’th, 6) ng = ng + Bln(N — Ny, c(nt/N)), (CE)

where c IS continuous, increasing and concave, with
c(0) > 0 and ¢(x) < 1.
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e Stability analysis of the limiting deterministic model:
() Stationarity: ¢(0) > 0.

(i) Evanescence: ¢(0) =0and ¢’(0) <e/(1 —e).

(i) Quasi stationarity: ¢(0) =0 and ¢’(0) > e¢/(1 — e).




e Stability analysis of the limiting deterministic model:
() Stationarity: ¢(0) > 0.

(i) Evanescence: ¢(0) =0and ¢’(0) <e/(1 —e).

(i) Quasi stationarity: ¢(0) =0 and ¢’(0) > e¢/(1 — e).

e Infinite-patch models. If ¢(0) = 0 and ¢(z) has a
continuous second derivative near 0, then

Bin(NV — n, c(n/N)) 2 Poi(mn) as N — oo, where
m = ¢'(0).




e Stability analysis of the limiting deterministic model:
() Stationarity: ¢(0) > 0.

(i) Evanescence: ¢(0) =0and ¢’(0) <e/(1 —e).

(i) Quasi stationarity: ¢(0) =0 and ¢’(0) > e¢/(1 — e).

e Infinite-patch models. If ¢(0) = 0 and ¢(z) has a
continuous second derivative near 0, then

Bin(NV — n, c(n/N)) 2 Poi(mn) as N — oo, where

m = ¢’(0). This leads to the scheme
N¢t1 = Nt + POI(mﬁt) ng = Ny — Biﬂ(nt, 6) (EC)
N1 = Tt — Bin(ﬁt, 6) ng = ng + POi(mnt), (CE)

-
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...which turns out to be a (Galton-Watson) branching
process.




...which turns out to be a (Galton-Watson) branching
process.

e Analysis of the more general scheme

N1 = N + POl(m(’th)) ng = Ny — Bin(nt, 6) (EC)
Nt = N — Bin(’ﬁt, 6) ny = ny + POI(m(nt)), (CE)

assuming m(n) = nou(n/ng).




...which turns out to be a (Galton-Watson) branching
process.

e Analysis of the more general scheme

N1 = N + POI(m(ﬁt)) ng = Ny — Bin(nt, 6) (EC)
Nt = N — Bin(ﬁt, 6) ny = ny + POI(m(nt)), (CE)

assuming m(n) = nou(n/ng). Inthe limit as ng — oc
X" = ny/ny has a deterministic approximation that
can exhibit the full range of dynamic behaviour
(including chaos).
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