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Abstract We shallexaminea model,first studiedby Brockwell et al. [1982], which canbeusedto describe
thelong-termbehaviour of populationsthataresubjectto large-scalemortality or emigration.Populationscan
suffer dramaticlosseswhendisease,suchasanintroducedvirus,affectsthepopulation,or whenfoodshortages
occur, dueto overbrowsingor significantchangesin climate.However, perhapssurprisingly, suchpopulations
cansurvive for long periodsand,althoughthey mayeventuallybecomeextinct, they canexhibit anapparently
stationaryregime. It is usefulto beableto modelthis behaviour. This is particularlytrueof theecologicalex-
ampleswhichmotivatedthepresentstudy, since,in orderto properlymanagethesepopulations,it is necessary
to beableto predictpersistencetimesandto estimatethedistribution of populationsize.We shallseethatal-
thoughourmodelpredictseventualextinction,thetimetill extinctioncanbelongandthestationarityexhibited
by thesepopulationsoverany reasonabletime scalecanbeexplainedusingaquasistationarydistribution.

1. INTRODUCTION

Our startingpoint is a paperby Klein [1968] (see
also Scheffer [1951] and Mech [1966]) that stud-
ies populationsof reindeerandmoose,which, af-
ter introductioninto Alaska,have sufferedsubstan-
tial reductionsin numbersowing to overbrowsing
combinedwith effectsof severewinters;themoose
populationwasadditionallysubjectto SpruceBud-
worm infestation, and later fire. The model we
shall describe,calledthe birth-deathand catastro-
phe process, is particularly effective in modelling
thesepopulations(seePakes[1987]). Anotherpos-
sible applicationof this work lies in the manage-
mentof fish stocks(Holling [1973]). Althoughthe
modelpredictseventualextinction, thetime till ex-
tinction canbe long andthe surprisingstationarity
exhibited by the populationscan be explainedus-
ing aquasistationarydistribution. It shouldbenoted
that themodelhaspossibleapplicationsoutsidethe
realmof wildlife management.For example,in the
market placeonemight wish to predictthetrendin
salesof a certainproduct,which areaffectedby the
introductionof cheapimportsor theintroductionof
new technology. However, in theseexamples,and
this lies in direct contrastto the ecologicalexam-
plescited above, the productmay be ableto adapt
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andrecoverquickly from catastrophicfalls in sales.
Nevertheless,our modelmight still be appropriate
in instanceswheresuchadaptionis lessmarked.

2. THE CATASTROPHE PROCESS

We shall use a continuous-time(time-homogene-
ous)Markov process
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is the deathor emigrationof individuals). If, of
the 9 : ’s, only 9 ; is positive, we recover the simple
linear birth anddeathprocess.Clearly 0 is an ab-
sorbingstatefor theprocessand <>=!? @ A B A C C C D is
an irreducibleclass,that is, every statein < canbe
reachedby every otherstatein < . Thusif thepop-
ulation is initially 0 it will remainso,while if it is
initially positive it will eithertendto 0 or to E . It
is well known andeasyto prove (seefor example
Pakes[1987]) that the probability of extinction F�G ,
startingwith H individuals,is 1 for all H)I�< if and
only if J , theexpectedincrementsize,givenbyJ�=LK6M�N�H 9 G�=!@�M+NPO H�Q�@ R 9 G A
is lessthanor equalto 0 (hereandhenceforth,un-
markedsumsshallbeover HSI8< ). Thequantity J
canbe thoughtof asa drift factorandthe process
is saidto besubcritical, critical or supercritical ac-
cordingas J is negative,zeroor positive. In thesu-
percriticalcaseextinction is of coursestill possible,
andtheextinction probabilitiescanbeexpressedin
termsof the probability generatingfunction T of 1
minustheincrementsize.This is givenbyT�O U R-=LK)Q�NV9 G U G W�; AYX U X Z�@ A
so that, for example, J[=\@6MLT$] O @ M�R ( ^P@ ). It
follows from Theorem4 of Ezhov andReshetnyak
[1983] (seealsoPakes[1987]) thatwhen J�_�`NPO @�M8F�G R U G = JaUT�O U R�M+U C
Thus,writing 9 O U R-=LT�O U RbM8U , we seethatN�F�G U G = U@�M+U M JaU9 O U R C (1)

It is interestingto notethat F�G tendsto 0 as H tends
to E ; roughlyspeaking,the largertheinitial popu-
lationthelesslikely thepopulationis to becomeex-
tinct (in thesupercriticalcase).However, asPakes
[1987]notes,theconvergenceof F�G to 0 canbevery
slow. For example,it is easyto show, letting U6c�@
in (1) andusingL’Hôpital’s rule twice, thatN�K G�=LT ] ] O @ M�R d O B J�R (2)

andthat this is finite if andonly if the secondmo-
ment of the incrementdistribution is finite. Later
we shall use(1) and(2), togetherwith this condi-
tion, whenevaluatingquasistationarydistributions.

The function 9 we have introducedappearsin con-
nectionwith the theoryof Markov branching pro-
cesses. Indeedtheseprocessesareintimatelyrelated
to the birth, deathand catastropheprocess,a fact
which wasestablishedandexploitedeffectively by
Pakes[1987]. We shalluseoneimportantfactfrom
this theory: that 9 O U R�=�` hasa uniquesolution e
on f ` A @ g . Further, e+=>@ if Jih�` , and `aZ�e�Zj@
if JkZ>` , andso 9 O U Rlh>` on f ` A e�g . Indeed,9 is
convex on this interval.

3. QUASISTATIONARY DISTRIBUTIONS

We shall usetwo typesof quasistationarydistribu-
tion to describethelong-termbehaviour of thepro-
cess.In particular, we shall be concernedwith the
existenceof thelimitsm n op q6r+s O t�O u Rb=�v$X t�O ` Rb=�H A t�O u R-_�` At�O u�Q8w R-=L` for somew�_�` R (3)

andm n op q6r m n ox q6r+s O t�O u Rb=�v�X t�O ` Rb=�H A t�O u Q6U Rb_�` At�O u�Q�U�Q8w R-=L` for somew�_�` R (4)

for H A v	I+< . Thuswe shallseekthe limiting prob-
ability that the populationsize is v , given that ex-
tinctionhasnotoccurred,or (in thecaseof (4)) will
not occurin thedistantfuture,but thateventuallyit
will ; we have conditionedon eventualextinction to
dealwith thesupercriticalcase,wherethiseventhas
probabilitylessthan1.

Conditionsfor the existenceof (3) and (4) for a
generaltransientMarkov processwereobtainedby
Vere-Jones[1969]andFlaspohler[1974]. However,
theseconditionsareexpressedin termsof the tran-
sition probabilitiesof the process,which are sel-
domavailable.For conditionsin termsof thetransi-
tion rates,seePollett [1986], Pollett [1988], Pollett
[1989],andParsonsandPollett[1987]. Weshallat-
temptto describetheseresultsin awaythatisappro-
priateto the presentcontext, avoiding referenceto
theplethoraof nomenclatureusedin Markov chain
theory. We shallstartby consideringthetwo eigen-
vectorequationsN�y	: z : {6=!M�|$y	{ A}v�I	<)A (5)

and NVz : { ~�{l=�M�|$~�{ A}v�I	<)A (6)

where |Vh\` and now < can by any irreducible
class. In the first instancewe shall seeksolutionsy�=\O ya: A-vLI!<)R and ~!=PO ~�: A-vLI!<)R , each
with positive entries,for some|jh�` . Theseare
the positive left and right eigenvectorsof �6� , the
transition-ratematrix restrictedto < , correspond-
ing to the eigenvalue M-| . If < is a finite set,
their existenceis guaranteed,at leastfor theeigen-
value M�� with maximumrealpart(seeDarrochand
Seneta[1967]). If < is infinite, as is the casein
thepresentapplication,thesituationcanbeconsid-
erablymorecomplicated.For example,it mightnot
bepossibleto obtainpositivesolutionsfor any value
of |�h>` . However, Vere-Jones[1969] hasshown
that for quasistationarydistributions to exist, it is
necessarythat positive eigenvectorsexist for some



�j��� . Thus,we shall assumethis to be the case
in the presentcontext. If � is the maximumvalue
of � for which positive eigenvectorsexist, thenwe
shall denotetheseby � and � . Proposition5.1 of
Pollett [1988] cannow berestatedfor our purposes
asfollows:

Proposition 1. If � is regular, then

(i) if ���	� ��� converges,andeither ���	� con-
verges or � ��� � is bounded,then (4) exists
and definesa proper probability distribution��� � ���!� � � � ����$���	�6� over � , givenby� � � �� � � � � ����	� ��� �}���	�)� (7)

(ii) if in addition ����� ��� converges,then(3) ex-
ists anddefinesa properprobability distribu-
tion ��� � ���!� � � � �� �$���	�6� over � , givenby� � � �� � � � � ����	� ��� �}�����)� (8)

Remarks. The condition that � be regular can
be checked using Reuter’s conditions(seeReuter
[1957]). It will certainlybe satisfiedin the present
context if we assume,aswe shall, that the decre-
mentdistribution hasfinite mean,that is � � � �   �l¡� . Theconditionthat ���	� ��� convergesis neces-
saryfor (7) to definea properprobability distribu-
tion over � . However, its realimportancelies in the
factthatit is sufficient for � to possesstheproperty
of � -positiverecurrence(Kingman[1963]) which,
for transientprocesses,is anotionanalogousto pos-
itive recurrencefor stationaryprocesses.Indeed,in
order to verify � -positive recurrence,it suffices to
show only that, for some��¢P� and correspond-
ing positive eigenvectors� and � , ����� ��� ¡�£
(this follows from Theorem5.2 of Pollett [1988]).
Once � -positive recurrenceis established,Corol-
lary 5.1 of Pollett [1988] tells us that � , the max-
imal value of � , is the so-calleddecayparameter
of � (Kingman[1963]); it determineshow quickly
the transition probabilities ¤ � � � ¥ � �§¦l� ¨�� ¥ � �©�ª ¨�� � � � � � tend to 0 as ¥ tendsto £ . It then
follows,from Proposition3 of Tweedie[1974], that
positiveeigenvectorsmustexist when � � � .
4. GEOMETRIC CATASTROPHES

Beforeproceedingto thegeneralcase,let usexam-
ine the importantspecialcaseof when � � takesthe
form � � � � � �� a« � « � ¬ � , � �!� � ­ � � � � , where� ¢�� ,� ¡ « ¡ � and ®6¯�� �j� . Thus,giventhata jump
occursin the sizeof the population,this is a birth
with probability ® or a catastrophewith probabil-
ity � . If acatastropheoccurs,its sizehasageometric

distribution. Noticethatif «6� � werecoverthelin-
earbirth anddeathprocess.We shallfirst solve (6),
which in this casecanbewrittenas

� ° ® � � ± �  �� � °   � � � � ¯ �²� ³�´ � ° � � ¬ � ��� � � � (9)

for � � � , with theunderstandingthat � ´ � � . Sub-
stituting for � � , multiplying by µ � ± � andthensum-
ming theseequations,yields an expressionfor the
generatingfunction ¨ , definedby ¨�� µ � � � �$� µ � ,
of any solution � �V� � � ��� � � � . The expression
hasa different form dependingon the valueof ¶ ,
which is¶ � ®   � · � �� 8« � � � � ® · �  �� · � �� 8« � � �
because� � µ � hastheform� � µ � ��� �S 8« µ � ¬ � � � �b¯ « ® � µ �  �� � ¯ « ® � µ�¯�® �� ® � ��  µ � � �S �� « ¯+� · ® � µ � · � �- +« µ � �
It canbeshown, althoughthedetailsaresomewhat
tedious,thatif ¶ � �¨�� µ � � µ � �� +« µ �® � ��  µ � � ¬$¸�¹ º »	¼   � � �- +« � µ° ® � ��  µ � ½ � (10)

where¾ � � « · � ° ® � , while if ¶i¿� �¨�� µ � � µ � �� +« µ �® � ��  µ � � ¬$À � �� �� « ¯+� · ® � µ � Á ¬ � � (11)

where� � � · � ° ¶ � andÂ �!  ��� 8« ¼ ��b¯ « ® ½ �
The generatingfunction is well definedfor µ ¡jÃ ,
where Ã , theuniquesolutionof � � µ � � � on Ä � � � Å ,
is givenby

Ã �>Æ � � if ¶ ��� �® · � �b¯ « ® � � if ¶ ¡ � �
We can now determinea candidatefor the maxi-
mum value of � for which thereexists a positive
right eigenvectorby letting µlÇ Ã in (10) and(11).
We seethat ���$� Ã � convergesto 0 if either ¶ ¢��
and � ¢ � , ¶ ¡ � and

Â ¢ � , or ¶ � � and�L¢!� . If either ¶ ¢!� and � ��� , or ¶ ¡ � andÂ �>� , thentheseriesconvergesto a positive num-
berwhile, in theremainingcasesit diverges.Thus,
if � exceeds� , where

� �[ÈÉÊ ÉË
° ¶ � if ¶ ¢�� �� � if ¶ � � �  � ¬ � ° ¶ � �S 8« � � �b¯ « ® � � if ¶ ¡ � �

the seriesconvergesto 0. It follows that if � has
non-negative entries,they must all be equal to 0.



However, we cannotyet deducethat Ì is maximal
in the requiredsense.It is first necessaryto show
that,when ÍLÎjÌ , Ï haspositive entries.We shall
do this by invertingthegeneratingfunction Ð . Af-
ter somestraightforward arithmeticalcalculations,
we find that Ï , normalizedso that Ï�Ñ6Î>Ò , is given
by Ï ÓSÎ�Ô Ñ Õ�Ó�Ö ×�Ø�Ù6Ú ÒÙ6Ú ÒÜÛ ×�Ø�Ý Ò Ú+Þ Ô ß Ý ÙlÚ Ò ß×�Ø�Ù6Ú Ò
if à}áVâ , where Ô�ÎVã ä Ý åSØ�Þ ã ß and × Î Ý Ò ÚÞ Ô ß ä Ý Ò Ú8Þ ß , Ï�ÓSÎ Þ�Ø�Ý Ò Ú8Þ ß Ù if à�ÎLâ , and,Ï�ÓSÎ Ö æ Ø�Ù6Ú ÒÙ6Ú Ò\Û æ ØLÝ Ò Ú8Þ ß Ý Ù6Ú Ò ßæ Ø8Ù)Ú Ò
if àiçLâ , where æ ÎjÒ ä × . Clearly Ï ÓláLâ for eachÙ�è Ò . It now remainsto show that when Í!ÎVÌ
thereexists a positive left eigenvector é suchthatê é	ë Ï$ë converges.Equations(5) take theformÝ ì�Ú Ò ß í ã é	ë Õ�Ñ Ú�Ý ì í Ú Í�ß é	ëØïîÓ ð$ë ñ�Ñ Ù í å Ó Õ$ë éaÓSÎLâ ò (12)

for ì�è Ò , with theunderstandingthat é	ó6Î�â . On
substitutingfor Ý å Ó ò Ù8è Ò ß , it is easyto show that
thepositivevectoré givenby éaÓSÎLô Ó , Ù�è Ò , sat-
isfies(12) with Í8Î�Ì , andthis is truewhatever the
signof à . It followsthatthegeneratingfunction õ ,
definedby õ Ý ö ß-Î ê é�ë Ï$ë ö ë , canbeevaluatedin
termsof the generatingfunction for Ï obtainedon
setting Í equalto Ì , sinceclearly õ Ý ö ßlÎjÐ Ý ô ö ß ,ö ç\Ò . However, if àø÷ÎPâ , ê Ï$ë ô ë converges,
which is to saythat

ê é�ë Ï$ë converges.Thus,we
have established,at least in the non-critical case,
that Ì is maximal.

Wecannow useProposition1 to provetheexistence
of thequasistationarydistribution ù�ú û ü whenài÷ÎLâ .
It is easyto seethat

ê é�ë convergesif àøç\âÝ ô+çjÒ ß , while if àiáLâ Ý ô8Î>Ò ß , ê Ï$ë converges
implying that ý Ï$ë þ is bounded.Thustheconditions
of Part (i) of the propositionaresatisfiedfor à[÷Îâ andwe can deducethat (4) exists anddefinesa
properprobability distribution ù ú û ü Î Ý ù ú û üÓ ò ÙLÿ� ß , givenbyù ú û üÓ Î ô Ó Ï�Óê ô ë Ï�ë ò Ù�ÿ ��� (13)

The denominatoris Ð Ý ô Ú ß andthis canbe calcu-
lated explicitly from (11) after setting �\Î§Ò ifàYákâ and �iÎ[Ò if à çkâ . On substituting
into (13), we arrive at the following explicit eval-
uationof thequasistationarydistribution ù ú û ü :ù ú û üÓ Î Ý Ò Ú8Þ ß Ý Ô Ú Ò ß Ñ ñ�� Ô Õ ú � ñ$Ó üÖ ×�Ø8Ù)Ú ÒÙ6Ú ÒÜÛ ×�ØLÝ Ò Ú8Þ Ô ß Ý Ù6Ú Ò ß×�Ø8Ù)Ú Ò

if à�á�â andù ú û üÓ Î Ý Ò Ú8Þ Ô ß Ý Ò Ú Ô ß Ñ ñ�� Ô Ó Õ�ÑÖ�æ Ø8Ù)Ú ÒÙ6Ú Ò\Û æ ØLÝ Ò Ú+Þ ß Ý Ù6Ú Ò ßæ Ø�Ù6Ú Ò
if à�çVâ . It is interestingto note that on settingÞ Îkâ we obtain a result for the linear birth and
deathprocess:we seethat if ã�÷Î å then(4) exists
andis givenby ù ú û üÓ Î Ý Ô Ú Ò ß û Ù Ô Õ ú Ó ñ�Ñ ü if Ô�ájÒ ,
andù ú û üÓ Î Ý Ò Ú Ô ß û Ù Ô ú Ó Õ�Ñ ü if Ôlç�Ò , whereÔlÎLã ä å .
This is consistentwith theresultsof Pollett[1988].

We shall now prove that if à�÷ÎVâ , the otherkind
of quasistationarydistribution existsaswell. To do
this,we shallneedto checkthattheconditionmen-
tionedin Part (ii) of Proposition1 is satisfied.First
observethatif à�ç�â , then�
	 , theprobabilityof ex-
tinctionstartingwith apopulationof size � , is equal
to 1, andso the conditionis satisfiedandthe exis-
tenceof (3) in thiscaseis automatic.Clearly ù ú Ñ ü is
thegeometricdistributiongivenbyù ú Ñ üÓ Î Ý Ò Ú ô$ß ô Ó Õ�Ñ ò Ù�è Ò � (14)

If à�á�â we arerequiredto establishthattheseriesê é�ë ��ë6Î ê ��ë (15)

converges. In view of (2) it suffices to check
that ��
 
 Ý Ò Ú ßLç�� (equivalently å 
 
 Ý Ò Ú ß�ç�� ).
On differentiating å Ý ö ß twice we get å 
 
 Ý Ò Ú ß>Î� å ä Ý Ò Ú8Þ ß û . Indeed, it is easyto invert (1). In
doing so we find that �
	 is proportionalto Ô Õ�	 . It
followsthat(3) existsandagaindefinesageometric
distribution. This is givenby ù ú Ñ ü Î Ý ù ú Ñ üÓ ò Ùaè Ò ß ,
whereù ú Ñ üÓ Î Ý Ô Ú Ò ß Ô Õ�Ó . If Þ ÎLâ thenÔlÎLã ä å and
the specifiedquasistationarydistributionsare con-
sistentwith thosefoundin Pollett[1988] for thelin-
earbirth anddeathprocess.

5. THE GENERAL CASE

Perhapssurprisingly, the processwith a general
catastrophesizedistributioncanbehandledwith lit-
tle moredifficulty. Indeed,it is possibleto follow
stepsanalogousto eachof thoseperformedabove
in connectionwith the geometriccase. First, it is
easyto show that thegeneratingfunction Ð of any
solutionto (9) canbewrittenÐ Ý ö ß-Î öå Ý ö ß
� � � Ý Ú Í�� Ý ö ß ß ò ö ç�ô$ò (16)

where,for ö ç�ô , � Ý ö ßaÎ�í Õ�Ñ����ó�� � ä å Ý � ß . (Re-
call that ô is the uniquesolution to å Ý ö ß8Î\â on� â ò Ò � , andthat ôLÎiÒ or â+ç�ô�çVÒ accordingasà�Î Ú�å 
 Ý Ò Ú ß is non-negativeor negative.) Now, if
we let ö�� ô in (16), we find that

ê Ï�Ó ô Ó diverges



if  "!$# , while if %'& ( ) ( convergesit is neces-
sarythat the integral *�+,.- /�0 1 2 / 3 diverges.Regret-
tably, L’Hôpital’s rule is of little help to us in eval-
uatingthis sum,for thederivativeof 4 5 6 2 7  �8 2 9 3 3
is 7�2  0 2 : 1 2 9 3 3 3 4 5 6 2 7  �8 2 9 3 3 . However, we can
saythat if % &�( ) ( convergesto a positive number,
it is necessarythat  ;!=< , where <>! 7?: 1 @ 2 ) 7A32 B # 3 . Let us now considerthe left eigenvector
equation(12). If oneattemptsasolutionof theformC (D!=E ( , where E.F'# , then the G>!IH equation
implies that  J! 7?: 1 @ 2 E 7A3 andtheotherequations
imply that 1 2 E 3 !'# . Sincewe require  B # it is
necessarythat 1 @ 2 E 7?3?K # . Thus,for C to beof this
form it is necessarythat EL!>) and  D!>< . We have
shown that when  M!N< , (12) admitsthe positive
solution C ! 2 C ( O�P B H 3 , givenby C (�!Q) ( , no
matterwhattheform of 2 1 ( O�P B H 3 . It follows that
theconvergenceor otherwiseof % CSR & R depends,
asbefore,on thebehaviour of T near 9 !U) . If we
can establishthat this seriesconvergesand that <
is maximalin the requiredsense,then,by Proposi-
tion 1, (4) exists anddefinesa quasistationarydis-
tribution V
W X Y?! 2 V W X Y( O
P B H 3 givenby (13). Fur-
ther, the existenceof (3) will thenbe automatic,at
leastwhen Z$F;# , sincethen [
\L!"H for all ] B H
and #Q^I)=^�H ; the quasistationarydistribution
V
W _ Y�! 2 V W _ Y( O�P B H 3 will begivenby (14) (a result
of Pakes [1987]). If Z`Fa# then, on considera-
tion of (2) and(15), it is clearthat if b @ @ 2 H 7A3 ^Qc
(equivalently 1 @ @ 2 H 7A3 ^`c ), then (3) will exist

and V
W _ Y will be given by V W _ Y( !�[�( 0 % [ R . It

follows that V W _ Y will have a probabilitygenerating
functiongivenby (1).

All of this rests on establishingthat the series% & ( ) ( convergesandthat < is themaximalvalue
of  for which positive eigenvectorsexist. It seems
difficult to obtainnecessaryconditionsfor thecon-
vergenceof this series. However, in view of The-
orem 6.2 of Pakes [1987], it is clear that a suffi-
cient condition for % &�( ) ( to converge is that ei-
ther Z`^$# , or, Z`F$# and 1 can be written as1 2 9 3 !>Z 2 H 7d9 3 e.2 H 7f9 3 X g 2 2 H 7d9 3 h _ 3 , whereg is
a slowlyvarying function.Notethat 1 hasthis form
in the caseof “geometriccatastrophes”becauseit
canbeshown that

g 2 & 3 ! 1 &
2 H 7Di 3 2 2 H 7Di 3 & eji 3 O

and so clearly g 2 &�E 3Dk g 2 & 3 for large E . If one
of theseconditionscanbesatisfied,thenit is possi-
ble to deducethat < is maximalusinganargument
basedon Theorem5.1 of Pollett [1988]. Thus,we
havebeenableto establishtheexistenceof thequa-
sistationarydistribution (4) in the subcriticalcase,
andin thesupercriticalcasewhena regularity con-
dition on 1 is satisfied. In the subcriticalcase,(3)
alsoexists undertheseconditions,while in the su-

percritical casean extra condition, that the decre-
mentdistribution hasfinite secondmoment,is re-
quired.

6. DISCUSSION

To illustrate our results,we shall considerthe ef-
fect on themeanpopulationsize(underthequasis-
tationarydistributions)of varyingtheparametersof
the model. For simplicity, we shall restrictour at-
tention to the casewherethe size of catastrophes
has a geometricdistribution. Let lI!nm 0 1 and
let op!�H 0 2 H 7>i 3 , so that l representsthe ratio
of births to catastrophes,while o ( B H ) is the av-
eragesizeof a catastrophe.Observe that the pro-
cessis subcritical,critical or supercriticalaccording
as o is greaterthan l , equalto l , or lessthan l ,
and that if l K H the processcannotbe super-
critical. Expressionsfor the meanof the two qua-
sistationarydistributionscanbe obtainedeitherdi-
rectly, or by differentiatingtheappropriategenerat-
ing functions. Let C W _ Y and C W X Y be, respectively,
the meanof V
W _ Y and the meanof V
W X Y . Then, it
is easyto show that C W _ Yd! 7 l e l�X 0 2 l 7 o 3 ifH K of^;l , C W _ Y?!"H e l e l�X 0 2 o 7 l 3 if ofFUl ,C W X Y?!MH 7jq l 7Jq o eJq l�X 0 2 l 7 o 3 if H K o�^Ul ,
and C W X Yd!$H eUq l 2 2 H e l 3 o 7 l 3 0 2 o 2 o 7 l 3 3 iforFMl . Recall that in the critical caseno quasista-
tionary distribution exists; the limits in (3) and(4)
areidentically0 for all ] and P .
Let usfirst determinetheeffect of varying l with o
fixed. Figure1 illustratesthe resultsfor the linear
birth anddeathprocessobtainedon setting or!=H .
Notice that C W _ Y underestimatesC W X Y uniformly.
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Figure1: QuasistationarydistributionmeansC W _ Y (solid)and C W X Y (dashed)for o?!;H .
This is indicative of thefactthat,in general,(3) as-
signsmoremasscloserto 0 thandoes(4) and,fur-
ther, it is consistentwith the fact that (4) is more
appropriatefor describingthebehaviour of thepop-
ulationearly in its evolution,well beforeextinction
occurs. Notice also that both meansare large for



near-critical valuesof s , in whichcasegenuinequa-
sistationarybehaviourobtains.If s is large,thelike-
lihoodof extinction is rathersmallyet,surprisingly,
bothdistributionsassignall theirmassnear1.

Next weshallobservetheeffectof varyingthemean
catastrophesize t when s is fixed. In orderto allow
for the possibility of a supercriticalcase,we shall
choosea valueof s greaterthan1, say sDuUv . Fig-
ure2 illustratestheresults.Thetrendsaresimilar to
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Figure1: Quasistationarydistributionmeansw.x y z (solid) and wDx { z (dashed)for sSu;| .
thosealreadyobserved,in particular, for thesuper-
critical andnear-critical cases.However, noticethat
in thesubcriticalcasethegraphscrossand,for suffi-
ciently largevaluesof t , wDx { z underestimatesw.x y z .
Further, the limiting valuesas t becomeslarge are
not the same,the differencebetweenthesevalues
being s . That both distributions assignnearly all
theirmassnear1, is consistentwith thefactthatthe
time till extinction is rathershort.

7. REFERENCES

Brockwell,P., Gani,J.andS.Resnick,Birth, immi-
grationandcatastropheprocesses,Adv. Appl.
Probab., 14,709-731,1982.

Darroch,J.andE. Seneta,On quasi-stationarydis-
tributions in absorbingcontinuous-timefinite
Markov chains,J. Appl. Probab., 4, 192-196,
1967.

Ezhov, I. andV. Reshetnyak, A modificationof the
branchingprocess,UkranianMath.J., 35,28-
33,1983.

Flaspohler, D., Quasi-stationarydistributions for
absorbingcontinuous-timedenumerableMar-
kov chains,Ann.Inst. Statist.Math., 26, 351-
356,1974.

Holling, C., Resilienceandstability of ecological
systems,Ann.Rev. Ecol.Systematics, 4, 1-23,
1973.

Kingman, J., The exponentialdecayof Markov
transitionprobabilities, Proc. LondonMath.
Soc., 13,337-358,1963.

Klein, D., The introduction, increase,and crash
of reindeeron St. Matthew Island, J. Wildlife
Man., 32,351-367,1968.

Mech,L., Thewolvesof Ilse Royale, Faunaof the
NationalParks: U.S.FaunaSeries, 7, 1966.

Pakes,A., Limit theoremsfor the populationsize
of a birth anddeathprocessallowing catastro-
phes,J. Math.Biol., 25,307-325,1987.

Parsons,R. and P. Pollett, Quasistationarydistri-
butions for someautocatalyticreactions, J.
Statist.Phys., 46,249-254,1987.

Pollett,P., On the equivalenceof } -invariantmea-
suresfor theminimalprocessandits ~ -matrix,
Stoch. Process.Appl., 22,203-221,1986.

Pollett, P., Reversibility, invarianceand } -invari-
ance,Adv. Appl.Probab., 20,600-621,1988.

Pollett, P., The generalizedKolmogorov criterion,
Stoch. Process.Appl., 33,29-44,1989.

Reuter, G., DenumerableMarkov processesandthe
associatedcontractionsemigroupson � , Acta
Math., 97,1-46,1957.

Scheffer, V., The rise and fall of a reindeerherd,
Sci.Monthly, 73,356-362,1951.

Tweedie,R., Someergodicpropertiesof the feller
minimal process,Quart. J. Math. Oxford, 25,
485-495,1974.

Vere-Jones,D., Somelimit theoremsfor evanescent
processes,Austral. J. Statist., 11,67-78,1969.


