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Abstract

We will considerthe problemof identifying regionsof congestiorin closedqueueing
networkswith state-dependerservicerates.A particularqueuewill be calleda bottle-
neckif the numberof customersn thatqueuegrowswithout boundasthetotal number
of customersn the networkbecomedarge. We will reviewmethoddor identifying po-
tentialbottleneckswith aviewto controllingcongestionWewill seethattheproblemof
identifying bottlenecksanbereducedo oneof finding themin anisolatedsubnetwork
with suitablymodifiedroutingintensities.Severabkpecialkcasesvill bestudied,llustrat-
ing arangeof behaviour For examplejt is possiblefor a subnetworko be congested,
yet eachqueuein thatsubnetworkis not strictly a bottleneck.
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1 INTRODUCTION

We shallbeconcernedvith systemsn which therearea fixed numberof nodes/ andatotal

numberof individual units N circulatingbetweernthe nodes.Sucha systemmight describe
a“job shop”,wheremanufacturedtemsarefashionedoy variousmachinesn turn (Jackson
(1963));it mightdescribegheprovisionof sparepartsfor acollectionof machinegTaylorand

Jackson(1954));it might describea mining operationwherecoal facesareworkedin turn

by anumberof specializednachinegKoenigsbeg (1958)).In all theseexamplesheremay

be bottleneckgregionsof congestion).We shall presentmethodsfor identifying potential
bottleneckswith aview to controllingcongestion.

The simplestgeneralmodelfor sucha systemof nodesis the migrationprocessof Whittle
(1968),whereindividuals,suchasbirds, migratefrom onecolony to another However it
will beconvenienherefor usto think of the collectionof nodesasbeinga queueinghetwork
andtheindividualsasbeingcustomerghatrequireserviceatthevariousnodes.We may (as
in Kelly (1975))allow customergo belabelledaccordingo their routethroughthe network
(which may befixed or random),or we may allow themto havea generalservice-timedis-
tribution (asin Kelly (1976),for example).All we shallrequirehereis thatthe steady-state
(joint) distribution7 of thenumbersof customers:, = (ny, ng, ..., ny) atthevariousnodes
hasthe ubiquitousproductform

m(n) = BNH % n €S, (1)

wheres is thefinite subseof Z{ with 3. n; = N andBy is anormalizingconstanthosen
sothatw sumsto unity over S. Hereq; is proportionalto the amountof servicerequire-
ment(in itemsper minute)cominginto queuej, thatis, the meanarrival rate(in customers
per minute) multiplied by the expectedservicetime (in itemsper customer)this will actu-
ally beequalto o; By /Bn—1. Thequantitye,(n) is the serviceeffort at queuej whenthere
aren customerpresen{measuredh itemsperminute). We shallassumehatg;(0) = 0 and
#j(n) > 0 whenevemn > 1. Thequantities, a, . . ., oy areusuallydeterminedy a setof
traffic equationsyvhich governtheway in which customersareroutedthroughthe network.
An irreducibility assumptionthetraffic equationswvill giveusa; > 0 for all j, andwe may
assumewithout lossof generalitythatzj «; = 1. Theform of the serviceratesis deter
minedby thequeueingdiscipline. Forexamplewheng,;(n) = n, everycustomeitqueuej
getsthe sameserviceeffort (this arisesin theinfinite-serverqueueandthe certainlosssys-
temy, while if ¢;(n) = min{n, s;} (for n > 1), thenat mosts; customergeceiveservice,
eachatthesameate(this coverdfirst-comefirst-servedandprocessorsharingdisciplines as
well assomepreemptive-esumaelisciplinessuchaslast-comdirst-servedwith preemption.
In theselattercasesy;/s; is calledthetraffic intensityat queuej. Furtherdetails,aswell as
afull descriptionof theexample<ited above canbefoundin Kelly (1979).

2 SIMPLE BOTTLENECKS

To illustratewhat we meanby a bottleneck,andthe kinds of behaviourthat canoccur we
shallfirst studyin detailsomeof thecasesnentionedabove.Firstwe shallconsidethecase
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whenthe serviceratesarelinearfunctions;imaginea networkof infinite-servergqueues.

Example 1 Supposehat¢,(n) = n for eachj. We seefrom (1) that = is the multinomial
distribution

N
7™ (n) = ( )o/l“oz;”. .oy, n € S.
T No .y

(Sincewe shallbevarying N, the total numberof customersn the network,we shallmake
thedependencef m on IV explicit in our notation.)It follows thatthe maiginal distribution
of n;, thenumberof customersit queuey, is binomial: in anobviousnotation,

N
W(N)(”)Z ( )a;‘(l—aj)N_", n=0,1,...,N.
n

It is clearthatfor everyj, Pr(n; > m) — 1 for eachm > 0 asN — oo. We deducethat
everyqueuebecomegongestedsthetotal numberof customerdbecomedarge. Thisis not
surprising,becausao queueingoccurs;customersio not hinderone anotherasthey pass
throughthe network.

In ourfirstexamplewe maybeequallyrightin sayingthatall queuesrebottleneck®r none
is. However we shallformally definea bottleneckasfollows:

Definition Queuej is saidto beabottleneckf, for all m > 0, Pr(n; > m) — 1asN — co.

Next we shall considerthe casewhenthe serviceratesare constantjmaginea network of
single-servegueueseachwith the standardirst-comefirst-servedliscipline.

Example2 Supposehateg;(n) =1 (n > 1) for eachyj. In this case(1) becomes
™M (n) = Byal'oj? ..., n €S,

wherenow By cannotbewrittendownexplicitly. Sincetheserviceeffort is thesameateach
queue; is indeedthe traffic intensityat queuej. If we supposéhata; < ap < -+ <

ay_1 < ay, thenwe shouldsurelyexpectqueues, the queuewith the mosttraffic, to bethe
mostcongestedBut, whatreally happensasthe total numberof customerdecomedarge?
Thisquestions mosteasilyansweredisinggeneratingunctions.In thegeneratontextof (1)
define®, ®,,...,d; by

Forthespecialcasepresentlyjunderconsiderationwe have®,(z) = 1/(1 — ¢;z). It is easily
shownthath,1 = <H3.’:1@j>N, where< - >, takesthen'® coeficient of a powerseries,
andthatthe mauginal distributionof n; canbe evaluatedas

7T](~N) (n) = BN<®;>, <l i@ >Ny, n=0,1,...,N. (©))

SeeExercise®.3.6and2.3.7of Kelly (1979). For the presentasewe have<®;>, = o}
andso, sincein particular<®;>,,,, = o'<®;>,, we find, on summing(3) overn, that
Pr(n; > m) = of' By/Bn_nm (thisis Exercise2.3.80f Kelly (1979)). If we canshowthat
By_1/By — ay asN — oo, wewill haveestablishedhat Pr(n; > m) — 1 (queueJ is
abottleneckjandPr(n; > m) — (a;/a;)™ < 1for j < J (theothersarenot). To seethat
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By_1/By — ay, considerthe powerseriesd; = @, --- ®;, where®;(z) = 1/(1 — ;2).
Clearly ®; hasradiusof convegencep; = 1/«;, and,in particular ©; (= ®,) hasradiusof
convegencel /a;. We will show usingmathematicainduction,that®; hasradiusof con-
vergencel /«; for all i. Tothisend,letk > 1 andsupposehat®; hasradiusof convegence
1/04. Considetthe expansion

m m
<Opp1>m = Y A" <Op>n = oy, > | pp 1 <Op>n (4)
n=0

n=0

andobservethatd "> | pr. | <Ok>n = Op(pr41) < 00, SiNCEPr41 < pr. We seeimmedi-
atelythat
<Op41>m N 1
<Opt1>mi1 Gkl
anddeducethat©;,, hasradiusof convegencel /ay1. This completegheinduction. Fi-
nally, we havein particularthat

, as m — oo,

B <Or>n_ 1
N ANl o as N — co.
By_1 <O >y oy

So,certainlyin thecasewheng,(n) = 1 (n > 1) for eachy, if thereis a queuewhosetraffic
intensityis strictly greaterthanthe others,it behavesasa bottleneckand,for eachqueuej
in theremaindeof the network,the marginal distributionof the numberof customerstthat
queueapproaches geometricdistributionwith parametery;/«; in thelimit asN — oc.
Indeedonecanshow usingthesametechniquesthatn,, ns, . . . , ny_; areasymptoticallyin-
dependent.

Thisis theimportof Whittle (1968). Whittle sawthatthe simpleargumentpresenteédbove
couldbeextendedo coverthegenerakaseof state-dependeservicerates.He proved,un-

dercertainmild assumptionsthatif thereis a queuewhosegeneratingunctionhasunique
minimal radiusof convegence then,notonly is thatqueuea bottleneck but the remainder
of the networkbehavessanopennetworkin thelimit as/V getslarge, with the bottleneck
gueueprovidingthe exogeneousput. We shallcontentourselveswith thefollowing result,

which givesconditionsfor a particularqueueto be a bottleneck:

Proposition1 Supposehat®;, definedby (2), hasradiusof convegencep; andthatp; <
pi-1 < pj_g < -+ < p1. Supposalsothat<®, - - ®;_1>,_1/<P;---P;_1>, hasalimit
asn — co. Then,queue/ is abottleneck.

Proof. As before,let®; = ®, - - - ¥, andobservethatradiusof convegenceof ©; is equal
to p;, thesmallestradiusof convegenceof thegeneratingunctionsin the product.In partic-
ular, ©;_, hasradiusof convegencep;_,. We haveassumedhat<®;_,;>, /<0 _1>,
conveges,andsoit mustconvegeto p;_;. Hence<®;_1>,_,,/<0;_1>, convegesto
P, From(3) we seethatthe mamginal distributionof n; canbewritten

7™M (n) = By<®;>,<Os_1>n_m, n=0,1,...,N. (5)

Sincewe havetheexpansion

N
B&l = <O >y = Z <P;>n<Os_1>N_m,

m=0
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we may deducethat

N

<Oj_1>n <Oj_1>N-m

(BN<Oj_1>N_p) = —— 77 <®;>,——"
" <@J—1>N—nn;) " <Oy 1>n

Theterm<0O;_;>n/<O;_1>n_n CONvegesto p;™; asN — oco. But, the sumdiverges
since,because; < ps_1, ®; divergesat p;_; (by choosingN sufficiently large we can
maketheratio <©;_1>n_,, /<O _1>y ascloseaswe pleaseo p77* ;). It nowfollows that
BN<©j_1>n_n, andhencePr(n; = n), convegesto O for everyn asN — oo. This
establisheshatqueueJ is a bottleneck.

Propositionl doesnot say anythingaboutthe limiting behaviourof the remainingqueues
1,2,...,J — 1. We shallexaminethis questionbriefly by consideringhe maginal distribu-
tion of total numberof customersn thosequeuesClearlywe have

Pr(3 i =n) = By<Oy 1>, <®;>y_n, n=0,1,...,N, (6)

andsoit is naturalto considerthe expansion

N
_ <P;>n <Pi>N_m
By<® ;>N p) 1= —— <Oy 1>p—" 7
( N J>N ) <@J>N_n7;) J-1 <®;>n (7)

If we assumehat¢;(n) hasalimit asn — oo (asin Whittle (1968)),thena formal argu-
ment,basednthefactthat<®;>y_,,/<®;>n — p7T, Suggestshat(7) is asymptotically
P70 _1(ps), becausd > p7<O;_1>, = O;_1(ps) < oo, andhencethat

Pr(Y7 5 ns = n) = p2<Os_1>0/Os_1(ps)-

Indeed,a similar alument,usingthe mawginal distributionof n; (j < J), andbasedon an
assumptiorthat <Ilj;®5 >, /<I.; P>, hasalimit asn — oo, gives

Pr(n; = n) = p7<®;>n/®;(ps)

sinced >, p1<®;>, = ®;(p;) < oo. If theseagumentscould be justified, we would
concludethat,for eachj < J, Pr(n; > m) convegesto alimit asN — oo, whichis strictly
lessthan1 for everym, and,hencethatnoneof queued, 2, ..., J — 1 arebottlenecksThe
argumentcan bejustifiedin a variety of circumstancedyut, it would appearnotin general.
Theproblemcanbereducedo oneof determininghelimiting behaviourof convolutionsof
positivesequencessfollows.

Remark 1 Let (a,) and(b,) be sequencesf strictly positivenumbersanddefine(d,,) by
dn =Y o Gmbn_m /by, which canbecomparedvith thesumin (7). Our hypothesiss that
thepowerseriesA(z) = Y a,2™ andB(z) = ) b,2" havestrictly positiveradii of conver
gencep4 andpg, whichsatisfyp = pp < p4, togethemwith the conditionthat (b,,—1/b,,) —
p. We would like to deducethat (d,,) — A(p) (whichis finite). The caseconsideredn the
proof of Propositionl hadps < pg = p. Underthis condition,we canmaken sufficiently
large,thusmaking(b,,—, /b,,) ascloseaswe pleasdo p™, and,sincep4 < p, wededucehat
(d,,) — oo. To dealwith thepresentasep = pp < pa, definef,,(n) by

fun) = {bn_m/bn ifm<n

0 if m > n,



oo

sothatd, canbewrittenasd,, = >">_, amfm(n), and,for eachm, f,,(n) — p™ asn — co.

By Fatouslemmawe alwayshavethatthelimit infimumof (d,,) isatleastA(p). (Thus,in the
contextof Propositionl, we candeducehatthelimit supremun{asN — oo) of Pr(n; = n)

is no greaterthanp’}<®;>,/®;(ps).) But, by usingdominatedconvegenceandmonotone
convepgencen turn,we candelimit two criteriaunderwhich (d,,) convegesto A(p). Firstly,

if thereis asequencég,,) with b,_m /by, < gm, foralln > m, andd > | amgm < oo, then
theconvegenceof (d,,) is guaranteed(Notethat,although(b,,_,,/b,) convegesfor eachm,

we cannotalwaysboundf,,(n) uniformlyin m; thesimplecaseb, = (1/2)" illustratesthis.)

Ontheotherhandif, for all m, (b,_.,/b,) is monotonicin n, thenagainthe convegenceof

(dy) is assured.

We shallillustrate Propositionl by consideringa networkof multiserverqueues.

Example 3 Supposdhatqueue;j hass; serverssothatthe traffic intensityat queueyj is
aj/s;. Sinceg;(n) = min{n,s;}, we haveg;(n) — s;, andso<®;>,_1/<P;>, —
s;/a;. Thereforep; is thereciprocalof thetraffic intensityat queuej. If we canverify the
convegenceconditionof Propositionl, it will thenfollow that, whenevetthereis a unique
gueuewith maximaltraffic intensity it is a bottleneck. As in Propositionl, supposehat
the queuesarelabelledaccordingto increasingraffic intensity For simplicity, supposehat
Py < py—1 < pj_a < -+ < p;. Wewill provethat<®;>,_,/<0;>, — p; for all i, where
©; = @, - - - ¥;, sothatin particular<®;_;>,_1/<0;_1>, hasalimit asn — oo, andhence
thatqueue/, the queuewith maximaltraffic intensity is a bottleneck.We alreadyhavethat
<O1>,_1/<O1>, = p; becaus®; = ®,. Foranyk > 1 we havethe expansion

<q)k+1 >n—m

n
<Opp1>n = <Ppp1>n Y <Op>p, o o
k+1-"n

m=0

Now, sincegi.1(n) T sigi1, We havethat<®p, 1>, 1/<Pp 1>, 1 pra1. It follows that
<Ppi1>n-m/<Pry1>n T it SO,SiINCEPL1 < pr, We canuseRemarkl to deducethat
<Op11>n ~ <Ppy1>nOk(pry1) asn — oo. It follows that <O 1>, 1/<O 41>, —
pr+1, asrequired.Also, sinceg;(n) 1 s;, for all j, andsinced o ) pr<®;>, = ®;(ps) <
oo, we may deducehat

Pr(n; =n) = pi<®;>,/®;(ps),

where

<®;>y = {a]:/n! . ?fn<s]~ _ {oﬁ/n! o ?fn<s]~ ®)
ol [(sils; ) ifn>s; si/(sitp})  ifn>s;,

andhence

s;—1

() =3 (ag2)* | (@2)° ( pj ) <o

n! s! pj— %

n=0

It is interestingto notethatour calculationsheredo notdependcon the particularform of ser
viceratesonly ontheirmonotonicity We havethereforegprovedthefollowing result,thefirst
partof whichis a corollaryof Propositionl.

Proposition 2 Supposehat®,, definedby (2), hasradiusof convegencep; andthatp; <
pi-1 < py—2 < -++ < p;. Supposalsothat#,(n) convegesmonotonicallyin n for all 5.
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Then,queueJ is abottleneckandfor eachj < J, Pr(n; = n) — ph<®;>,/®;(ps) as
N — oo.

We remarkthat the monotonicityconditioncanbe replacedoy a boundednessonditionin
accordancevith Remark1, but we contendthat someconditionis needed.The condition
that py, po, ..., ps—1 aredistinctcanalsoberelaxed.If, for somek < J — 1, pr = pr+1,
thenwe requireonly that®(px) < oo, andthiswill certainlybetrue (by inductionon k) if
®,(p;) < oo forallj < J. In Example3 we had®,(p;) = oo for all j, butthe particular
form (8) of theserviceratesallowsusto drawthe sameconclusionsfor brevity, we will not
give thedetailshere.

3 COMPOUND BOTTLENECKS

We havealreadyseenExamplel) thatwheng,(n) = n for all j, everyqueuan thenetwork
is a bottleneck.Notice thatin this caseeachof the generatingunctions®,, ®,, ..., ®; has
infinite radiusof convegence Whathappensmoregenerallywhenthegeneratingunctions
correspondingo two or morequeuesharethe sameminimal radiusof convegence?

Proposition 3 In the setupof Propositionl, supposehatp;, = pry1 = -+ = ps(= p)
andthatp < p; forj = 1,2,...,L — 1. Then,queues., L + 1,..., J behavgointly asa
bottleneckin thatPr(3"7_, n; > m) — 1 asN — oo.

Proof. Withoutlossof generalitysupposé¢hatp; > pe > ... pr._1 (> p), sothatin particular
Or_, hasradiusof convegencep;,_;. Usingasimpleextensiorof our notation,writing ©F
for theproduct®y, - - - ®;, we find, on summing(3) appropriatelythat

Pr(37 ,n; =n) = By<@i>,<0! >y ., n=0,1,...,N. (9)

Following a programmesimilar to thatusedin the proof of Propositionl, we have
N
<0k>,,
m=0

1
1 <Op_>§

_ <Ol | >n_m
<Ol >y,

By<O! >n_n)”
( N L-1-N ) <@i_1>N

Theterm <O} ,>x/<0O} ;>n_, convegesto p;", asN — oo, andso, asbefore,the
sumdivergessince because < p;_;, % divergesatpy,_;. It follows directly from (9) that
Pr(37, ni = n) — 0 for all n, andhencethatPr(3 7, n; > m) — 1 for all m. This
completeghe proof.

Sincep; (j < L) is strictly biggerthanp, we might expectqueued, 2,...,L — 1 notto be

bottlenecks.Considerany oneof these:queuej. A formal agument,basedon (3), shows
thatPr(n; = n) — p"<®,;>,/®;(p), becausd >, p"<®,>, = ®,(p) < oo. If thiswere
to bejustified,wewould concludethatPr(n; > m) convegesto alimit asN — oo, whichis

strictly lessthanl for everym, thusconfirmingthatqueued, 2, ..., L—1 arenotbottlenecks.
In view of Remarkl, we would need<Ily;®x>y_m/<Ili.;®;>, to be monotonicin n,

or boundedby g,,, satisfyingd_>_, gm<®;>p, < oo. In somecaseswve canusea direct
argument.To illustratethis, we shallreturnto Example2.

Example 2a Consideragainthecasewheng;(n) = 1 (n > 1) for eachj, butnow suppose
thata; < ay < -+ < ay_9 < ay_1 = ay, sothatqueues/ — 1 andJ sharea unique
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maximaltraffic intensity By Propositior3, thesequeuedehavgointly asabottleneck.But,
is eachqueueindividually a bottleneck?The sameargumentscanbe usedasbefore. Since,
for eachy, Pr(n; > m) = a;”BN/BN_m, andBy_1/Bx — ay asN — oo, wededucehat
Pr(ng >m) — 1,fork =J—1orJ,andPr(n; > m) = (a;/a;)™ < 1,forj < J —1.
So,queues/ — 1 andJ arebottlenecksandthe othersarenot.

It mightbeconjecturedhatwhenthegeneratingunctionscorrespondingo two queueshare
thesamaminimalradiusof convegencetheyarealwaysbottlenecksndividually. However

thisis notthecase.BrownandPollett(1982)demonstratethatbothof theotherpossibilities
canoccur: oneor neithercanbebottlenecksThefollowing examplesvereexaminedoriefly

by BrownandPollett(1982). We shallprovidefurtherdetailsanddrawsomeadditionalcon-

clusions.

Example 4 Considera networkwith J = 2 queuessupposehata; = ap = 1/2, and,for
n > 1, ¢1(n) = (n + 1)?/n® andgy(n) = 1. Clearly®; and®, havethe sameradiusof
convepgencep = 2. But,foralln > 0,

By [(1\V 1 ol 1 B
Prtn =0 = 55 (3) =y {mzm}

and

By 1n\" 1 ol 1 B
i =n = s () = iy (S @)

m=0

andsoPr(n; = n) — 6/(7*(n + 1)?) andPr(ny = n) — 0. It follows thatqueue2 is
abottleneck but queuel is not. It is interestingto notethatE (n,) divergesasN — oo,
because

6w~ n 6 [ 1 Yoo 6
E(n1)>ﬁz(n+1)2:P{Z(n—i-l)_zl(n-l—l)?}NPIOg(N)’

n=1 n=1

sothatqueuel canbe interpretedasa bottleneckin a weakersense.However if we had
chosenp; (n) = (n+1)%/n® (n > 1), wewouldhaveE (n;) convegentandE (n?) divergent,
andsoforth.

Example5 Considera networkwith J = 2 queuessupposehata; = as = 1/2 and,for
n>1,é1(n) = da(n) = (n+ 1)?/n?. Clearly®, = ®,, with radiusof convegencep = 2.
But, for all n > 0,

1 s 1 h
Pr(n; =n) = (n+1)2(N —n+ 1) {Z (m+1)2(N—m+1)2} .

m=0
Uponusingpartialfractions,we find thatthetermin braceseducedo

4 i 1 2 L1 4log(N) 2 m2

(N+2p 2 m+1 (N+2) 2 5

~ (m+12 ~  N* N2 G’

andsoPr(n; = n) = 3/(7%(n + 1)?) asN — oco. By symmetry neitherqueueis a bottle-
neck.Notealsothatneithern; norn, hasaproperlimiting distributionasN getslarge. This
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is to beexpectedfor the systembehavessfollows. Whenn, is small,n, is large,andvice
versa,yet whenthis happenghe ratesat which customersareservedat queuesl and2 are
largeandsmall,respectively The systenfluctuatesdbetweemmodesin which oneor otherof
the queuess congestedspendinga long periodin eachmode. The stability of eachmode
increasess N getslarge; indeed,for a cyclic 2-nodemigrationprocesswith the given pa-
rameterspne canshowthatthe equilibrium expectedime to reachstate(V, 0) startingin
state(0, N) is of order N2,

In bothof thetwo previousexamplestherewereonly two queuesn the network. If we had
appendedeverabtherqueuesvhosegeneratingunctionshadradiusof convegencestrictly
largerthan2, ourconclusionsvould havebeemodifferent.Indeed givenasubnetworlcon-
sistingof queuesvhosegeneratingunctionshavethe samestrictly minimal radiusof con-
vergencewe canidentify which of them(if any)is abottleneckpy conditioningontheevent
thatall N customersarelocatedin thatsubnetwork Usinganelaboratiorof Whittle’s argu-
ment(Whittle (1968)),Brown andPollett(1982)provedthe following result:

Proposition4 Supposehat®;, definedby (2), hasradiusof convepencep;. Supposehat
®,,®,,. .., Px havethesamestrictly minimal radiusof convegencep, andthat¢,(n) con-
vergesmonotonicallyfor somej € {2,..., K}. Then,queuel is a bottleneckif andonly
if

Pr(n, >m|Y K nyj=N) =1, as N — . (10)

A sufficient conditionfor queuel to be abottleneckis that®, divergesatits radiusof con-
vegenceandthat<®q - - - P>, 1 /<Py - - - D>, CONVEgEsasn — oo.

Proof. To provethat(10)is necessargndsufiicientfor queuel to bea bottleneckwe will
showthat,asN — oo, Pr(n; = n|Y.1., n; = N) — 0if andonly if Pr(n; = n) — 0.
Since

Pr(n; =n) = By<®,>, <0%>y_, = <®,>, <O%>n_,/<O)>n,

and

Pr(ny =n|Y.5 i = N) = <& >, <O%4>y_,/<OLk>n,
thisamountdgo verifying that<©3>y_,/ <O} >y = O(<O%>n_,/<Ok>n) asN — oo.
Withoutlossof generality supposet is ¢k (n) which convegesmonotonically Wewill then
havethat<® x>, _;/<® x>, convegesmonotonicallyin n (to p') for eachi. It follows, by
monotoneconvegencethatd,,, givenby,

<q)K>n l
d, = ) <O0K+l>,
Z q)K>n ’

convegesto ©5(p) < oo, and,in particular (d,,) is boundedandboundedawayfrom 0.
But, <0X>, = <®g>,d,, andso<O¥ >, /<dx>, is boundedsimilarly. We alsohave
thetwo expansions

K
O2>N_p = Z <0% >n.<0¥>y . .

and
N—-n

<Ok>N-n= Y <Ok >m<PK>N_n-m,

m=0



from whichit follows that<©%>y_, = O(<O%>n_,) aSN — oco. A similar agument
showsthat<©} >y = O(<0% > y), andit follows immediatelythat<©%> y_,, /<Ol >y =
O(<O%>n_n/<Ok>n).

To seethatthe seconcconditionis sufficient, considerthe expansion

<@}(>N . <®%{>N
<O%>n_, <®§(>N_nm

<0%i>, .

(11)
<O%>,

<® >,
=0

Since<0%>,_1/<0%>, hasalimit asn — oo, it mustconvegeto p, the commonradius
of convegenceof @, ... Px. Thus<O% >, _,,/<O%>,, — p™ and,sinced, divergesatp,

the sumin (11) divergesas N — oc. It follows that<©%>y_,,/<OL>x — 0 andhence
the necessargndsufficient conditionis satisfied.This completeghe proof.

In applyingPropositiord, we canimaginethatthe subnetworkconsistingof queuesvhose
generatingunctionshavethe samestrictly minimal radiusof convegence,is anisolated
closednetworkof queues.To seethis, supposeéhatwe havea closedmigrationprocessand
Aij (fori,5 € {1,2,...,J}) is the probability thatan individual which hasjust left node:
is destinedfor nodej (A\; = 0 andz;.’:1 Aij = 1). If thematrix A = ()\;;) isirreducible,
thenthereis a uniquecollectionof positivenumbersy = (a1, s, . . ., ay) Which satisfythe
(traffic) equationsxA = «. Fortheclosedmigrationprocessyith expectederviceratesall
equalto 1, thesearepreciselythearrival ratesa;, . . . , oy which appeaiin (1). For K < J,
we canalwayschooserouting probabilities);, for 4,5 € {1,2,..., K}, with A}, = 0 and
Zle Aj; = 1,in suchawaythate' = (a1, q,...,ak) satisfies’ A’ = ¢/, thusgiving the
samearrival rateswithin the smallernetworkconsistingof K nodes.We simply set

J J
Zl:K—i—l)‘il Zk:K—Hak)‘kj

K J
> k=1 Ok Zl:K-{—l)‘kl

It is easyto checkthattheserouting probabilitiessatisfytherequiredconditions.

Ourfinal exampleshowsthatthe sufficient conditionof Propositiord is not necessary

Example 6 Considera networkwith J = 2 queuessupposehata; = ap = 1/2, and,for
n > 1, ¢1(n) = (n+1)?/n? andés(n) = (n + 1)3/n*. Both¢;(n) andgy(n) havelimit 1,
asn — oo. Also, &, and®, havecommonradiusof convegencep = 2, andbothconvege
attheir radiusof convegence.However for all n > 0,

1 < 1 :
Pr(nlzn)f(n+1)2(N_n+1)3 {Z (m+1)3(N—m+1)2} )

m=0

forany M < N. But, for fixed M, the expressiorin bracess O(N—2) asN — oo, andso
Pr(n; = n) isboundedaboveby aquantitywhichis O(N—1). Hence gueuel isabottleneck,
yetthe suflicient conditionof Propositioré is not satisfied.
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