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Abstract

We will considerthe problemof identifying regionsof congestionin closedqueueing
networkswith state-dependentservicerates.A particularqueuewill becalleda bottle-
neckif thenumberof customersin thatqueuegrowswithoutboundasthetotalnumber
of customersin thenetworkbecomeslarge.Wewill reviewmethodsfor identifyingpo-
tentialbottlenecks,with aviewtocontrollingcongestion.Wewill seethattheproblemof
identifyingbottleneckscanbereducedto oneof finding themin anisolatedsubnetwork
with suitablymodifiedroutingintensities.Severalspecialcaseswill bestudied,illustrat-
ing a rangeof behaviour. For example,it is possiblefor a subnetworkto becongested,
yet eachqueuein thatsubnetworkis not strictly abottleneck.
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1 INTRODUCTION

Weshallbeconcernedwith systemsin which thereareafixednumberof nodes
�

anda total
numberof individual units � circulatingbetweenthenodes.Sucha systemmight describe
a “job shop”,wheremanufactureditemsarefashionedby variousmachinesin turn (Jackson
(1963));it mightdescribetheprovisionof sparepartsfor acollectionof machines(Taylorand
Jackson(1954));it might describea mining operation,wherecoal facesareworkedin turn
by anumberof specializedmachines(Koenigsberg (1958)).In all theseexamplestheremay
be bottlenecks(regionsof congestion).We shall presentmethodsfor identifying potential
bottlenecks,with aview to controllingcongestion.

Thesimplestgeneralmodelfor sucha systemof nodesis themigrationprocessof Whittle
(1968),whereindividuals,suchasbirds,migratefrom onecolony to another. However, it
will beconvenientherefor usto think of thecollectionof nodesasbeingaqueueingnetwork
andtheindividualsasbeingcustomersthatrequireserviceat thevariousnodes.Wemay(as
in Kelly (1975))allow customersto belabelledaccordingto their routethroughthenetwork
(which maybefixed or random),or we mayallow themto havea generalservice-timedis-
tribution (asin Kelly (1976),for example).All we shallrequirehereis thatthesteady-state
(joint) distribution � of thenumbersof customers����� �	� 
 ��� 
 
 
 
 
 �	��� at thevariousnodes
hastheubiquitousproductform��� �	������� ��� � � ��� ��� � �� � �! � � "�� 
#��$&%�
 (1)

where% is thefinite subsetof ' �( with ) � � � �*� and ��� is anormalizingconstantchosen
so that � sumsto unity over % . Here � � is proportionalto the amountof servicerequire-
ment(in itemsperminute)cominginto queue+ , that is, themeanarrival rate(in customers
perminute)multiplied by theexpectedservicetime (in itemspercustomer);this will actu-
ally beequalto � � � ��, � ��-!� . Thequantity  � � �	� is theserviceeffort at queue+ whenthere
are � customerspresent(measuredin itemsperminute).Weshallassumethat  � � ./�0�*. and � � �	��1*. whenever��243 . Thequantities� � 
 � � 
 
 
 
 
 � � areusuallydeterminedby asetof
traffic equations,whichgoverntheway in whichcustomersareroutedthroughthenetwork.
An irreducibilityassumptiononthetraffic equationswill giveus � � 15. for all + , andwemay
assume,without lossof generality, that ) � � � �63 . The form of theserviceratesis deter-
minedby thequeueingdiscipline.Forexample,when  � � �	�0��� , everycustomeratqueue+
getsthesameserviceeffort (this arisesin the infinite-serverqueueandthecertainlosssys-
tems), while if  � � �	���87:9 ;!< ��
 = � > (for �52?3 ), thenat most = � customersreceiveservice,
eachatthesamerate(thiscoversfirst-comefirst-servedandprocessor-sharingdisciplines,as
well assomepreemptive-resumedisciplinessuchaslast-comefirst-servedwith preemption).
In theselattercases� � , = � is calledthe traffic intensityat queue+ . Furtherdetails,aswell as
a full descriptionof theexamplescitedabove,canbefoundin Kelly (1979).

2 SIMPLE BOTTLENECKS

To illustratewhatwe meanby a bottleneck,andthekindsof behaviourthat canoccur, we
shallfirst studyin detailsomeof thecasesmentionedabove.Firstweshallconsiderthecase
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whentheserviceratesarelinearfunctions;imagineanetworkof infinite-serverqueues.

Example 1 Supposethat @/A�B C	D�E8C for eachF . We seefrom (1) that G is themultinomial
distribution G�H I�J B C	D�ELKNMC	O�C�PRQ Q Q�C	S T�U	V�WO U�V XP Q Q Q U V YS&Z C�[&\�Q
(Sincewe shallbevarying M , thetotal numberof customersin thenetwork,we shallmake
thedependenceof G on M explicit in our notation.)It follows thatthemarginal distribution
of C A , thenumberof customersat queueF , is binomial: in anobviousnotation,G H I�JA B C	D0ELK]M C^T�U VA B _a` U A D I�b V Z CcE�d Z _ Z Q Q Q Z M Q
It is clearthat for everyF , e0f B C]A:g�hcDjik_ for eachhlg8d as M inm . We deducethat
everyqueuebecomescongestedasthetotalnumberof customersbecomeslarge.This is not
surprising,becauseno queueingoccurs;customersdo not hinderoneanotherasthey pass
throughthenetwork.

In ourfirst example,wemaybeequallyright in sayingthatall queuesarebottlenecksor none
is. However, weshallformally definea bottleneckasfollows:

Definition QueueF is saidto beabottleneckif, for all hog�d , e0f B C]A^g*hcD0ip_ as M ilm .

Next we shall considerthe casewhenthe serviceratesareconstant;imaginea networkof
single-serverqueues,eachwith thestandardfirst-comefirst-serveddiscipline.

Example 2 Supposethat @/A B C	D0Eq_ ( C�gq_ ) for eachF . In this case(1) becomesG�H I�J B C	D0E�r I U�V WO U	V XP Q Q Q U	V YS&Z C�[&\ Z
wherenow r I cannotbewrittendownexplicitly. Sincetheserviceeffort is thesameateach
queue,U A is indeedthe traffic intensityat queueF . If we supposethat U Ocs U P�sut t t�sU S b Oav U S , thenweshouldsurelyexpectqueuew , thequeuewith themosttraffic, to bethe
mostcongested.But, whatreally happensasthetotal numberof customersbecomeslarge?
Thisquestionismosteasilyansweredusinggeneratingfunctions.In thegeneralcontextof (1)
define x O Z x P Z Q Q Q Z x S by x A B yzD0Eq_�{}|~V � O U VA� V� � O @ A B �zD y V Q (2)

Forthespecialcasepresentlyunderconsideration,wehavex A B yzD0Eq_ �]B _�` U A yzD . It is easily
shownthat r:b OI E6v^� SA � O x A � I , where v t � V takesthe C!� � coefficient of a powerseries,
andthatthemarginaldistributionof C]A canbeevaluatedasG H I�JA B C	D0E�r I v�x A � V v^�^� �� A x�� � I�b V Z CcE�d Z _ Z Q Q Q Z M Q (3)

SeeExercises2.3.6and2.3.7of Kelly (1979). For thepresentcasewe have v�x�A � V E U VAandso,sincein particular v�x�A � V �/� E U �A v�x�A � V , we find, on summing(3) over C , that� �]B C]AjgqhRD^E U �A r I ��r I�b � (this is Exercise2.3.8of Kelly (1979)). If we canshowthatr I�b O � r I i U S as M i}m , we will haveestablishedthat
� �/B C	S�g�hRD^in_ (queuew is

a bottleneck)and
� �/B C A g4hcD�i�B U A � U SzD � vq_ for F�vqw (theothersarenot). To seethat
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�����!� � �����n���
, considerthepowerseries�^�a�?� �	� � � �0� , where ����� �z ¡�o¢ � � ¢�£ � � �/  .

Clearly � � hasradiusof convergence¤ � ��¢ ��� � , and,in particular, � � ( ��� � ) hasradiusof
convergence¢ ��� � . We will show, usingmathematicalinduction,that � � hasradiusof con-
vergence¢ ��� � for all ¥ . To thisend,let ¦�§q¢ andsupposethat ��¨ hasradiusof convergence¢ ��� ¨ . Considertheexpansion© � ¨ ª � «a¬ � ¬­® ¯]° � ¬0� ®¨ ª �^© � ¨ « ® � � ¬ ¨ ª � ¬­ ® ¯]° ¤ ® ¨ ª � © � ¨ « ® (4)

andobservethat ±�²® ¯]° ¤ ® ¨ ª � © ��¨ « ® �?��¨z� ¤z¨ ª �   ©8³ , since ¤z¨ ª � © ¤z¨ . We seeimmedi-
atelythat © ��¨ ª � « ¬© ��¨ ª � « ¬ ª � � ¢� ¨ ª ��´ as µ � ³ ´
anddeducethat ��¨ ª � hasradiusof convergence¢ � � ¨ ª � . This completestheinduction. Fi-
nally, wehavein particularthat� �� ���!� � © � �z«^�0�]�© � �z«^� �¶¢� �j´ as · � ³�¸
So,certainlyin thecasewhen ¹/��� º	 ��q¢ ( º�§q¢ ) for each» , if thereis aqueuewhosetraffic
intensityis strictly greaterthantheothers,it behavesasa bottleneck,and,for eachqueue»
in theremainderof thenetwork,themarginaldistributionof thenumberof customersat that
queueapproachesa geometricdistributionwith parameter

� � ��� � in the limit as · � ³ .
Indeedonecanshow, usingthesametechniques,that º � ´ º�¼ ´ ¸ ¸ ¸ ´ º � �!� areasymptoticallyin-
dependent.

This is theimportof Whittle (1968).Whittle sawthatthesimpleargumentspresentedabove
couldbeextendedto coverthegeneralcaseof state-dependentservicerates.Heproved,un-
dercertainmild assumptions,that if thereis a queuewhosegeneratingfunctionhasunique
minimal radiusof convergence,then,not only is thatqueuea bottleneck,but theremainder
of thenetworkbehavesasanopennetworkin thelimit as · getslarge,with thebottleneck
queueprovidingtheexogeneousinput. Weshallcontentourselveswith thefollowing result,
which givesconditionsfor aparticularqueueto beabottleneck:

Proposition 1 Supposethat ��� , definedby (2), hasradiusof convergence¤ � andthat ¤ � ©¤ � �!��½ ¤ � � ¼ ½ � � � ½ ¤ � . Supposealsothat © � � � � � � � �]� « ® �!� � © � � � � � � � �]� « ® hasalimit
as º � ³ . Then,queue¾ is abottleneck.

Proof. As before,let � � ��� � � � � � � andobservethatradiusof convergenceof � � is equal
to ¤�� , thesmallestradiusof convergenceof thegeneratingfunctionsin theproduct.In partic-
ular, � � �!� hasradiusof convergence¤ � �!� . We haveassumedthat © � � �]� « ® �!� � © � � �!� « ®
converges,andso it mustconverge to ¤ � �!� . Hence © � � �]� « ® �/¬a� © � � �]� « ® convergesto¤ ¬ � �!� . From(3) weseethatthemarginaldistributionof º � canbewritten¿�À ��Á� � º	 0� � � © � �/« ® © � � �]� «^��� ® ´ ºc�*Â ´ ¢ ´ ¸ ¸ ¸ ´ · ¸ (5)

Sincewehavetheexpansion� �!�� � © � � « � � �­¬ ¯]° © � � « ¬ © � � �]� « ���/¬ ´
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wemaydeducethatÃ Ä�Å^Æ�ÇjÈ É!Ê Ë^Å0ÉzÌ/Í É]Ê�Î Æ�Ç È É!Ê Ë ÅÆ�ÇjÈ É]Ê Ë^Å�É/Ì ÅÏÐ�Ñ!Ò Æ�ÓaÈ/Ë Ð Æ�Ç È É!Ê Ë Å0É ÐÆ�ÇjÈ É]Ê Ë^ÅÕÔ
The term

Æ�Ç È É]Ê Ë Å�Ö Æ�Ç È É!Ê Ë Å0ÉzÌ
convergesto × É/ÌÈ É]Ê as ØkÙÛÚ . But, thesumdiverges

since,because× È4Æ × È É]Ê , ÓaÈ divergesat × È É!Ê (by choosingØ sufficiently large we can
maketheratio

Æ�ÇjÈ É]Ê Ë^Å�É Ð Ö Æ�ÇjÈ É]Ê Ë^Å ascloseaswe pleaseto × Ð È É!Ê ). It now follows thatÄ�Å^Æ�ÇjÈ É!Ê Ë^Å�É/Ì
, andhenceÜ0Ý Ã Þ	È Î Þ	Í , convergesto 0 for every

Þ
as ØÛÙßÚ . This

establishesthatqueueà is a bottleneck.

Proposition1 doesnot sayanythingaboutthe limiting behaviourof the remainingqueuesá�â ã/â Ô Ô Ô â à:ä á . Weshallexaminethisquestionbriefly by consideringthemarginaldistribu-
tion of total numberof customersin thosequeues.ClearlywehaveÜ0Ý Ã å È É]Êæ Ñ Ê Þ æ Î Þ	Í Î Ä Å Æ�Ç È É]Ê Ë Ì Æ�Ó È Ë Å�É/Ì â Þ Î�ç â ázâ Ô Ô Ô â Ø â (6)

andsoit is naturalto considertheexpansionÃ Ä Å Æ�Ó È Ë Å0ÉzÌ Í É]Ê Î Æ�Ó È Ë ÅÆ�Ó È Ë Å�É/Ì ÅÏÐ�Ñ]Ò Æ�Ç È É]Ê Ë Ð Æ�Ó È Ë Å0É ÐÆ�Ó È Ë Å Ô (7)

If we assumethat è È Ã Þ	Í hasa limit as
Þ ÙéÚ (asin Whittle (1968)),thena formal argu-

ment,basedon thefact that
Æ�ÓaÈzË^Å0É Ð Ö Æ�ÓaÈ/ËaÅ Ùê× Ð È , suggeststhat(7) is asymptotically× ÉzÌÈ ÇjÈ É!Ê Ã × ÈzÍ , because

å4ëÐ�Ñ]Ò!× Ð È Æ�ÇjÈ É!Ê Ë Ð Î ÇjÈ É]Ê Ã × È�Í�Æ Ú , andhencethatÜ0Ý Ã å È É]Êæ Ñ Ê Þ æ Î Þ	Í Ùu× Ì È Æ�ÇjÈ É!Ê ËaÌ Ö ÇjÈ É]Ê Ã × È�Í Ô
Indeed,a similar argument,usingthemarginal distributionof

Þ]ì
(í Æ à Í , andbasedon an

assumptionthat
Æ^î�ï ðÑ ì Ó�ï ËaÌ�É]Ê Ö Æ^î�ï ðÑ ì Ó�ï ËaÌ hasa limit as

Þ ÙêÚ , givesÜ0Ý Ã Þ]ì Î Þ	Í Ùu× Ì È Æ�Ó�ì Ë Ì/Ö Ó�ì�Ã × È Í â
since

å4ëÌ Ñ!Ò!× Ì È Æ�Ó ì ËaÌ Î Ó ì Ã × È�ÍñÆ Ú . If theseargumentscould be justified, we would
concludethat,for eachí Æ à , Ü0Ý Ã Þ]ì�ò*ócÍ convergesto a limit as Ø6ÙêÚ , which is strictly
lessthan1 for every

ó
, and,hence,thatnoneof queues

ázâ ãzâ Ô Ô Ô â à:ä á arebottlenecks.The
argumentcanbejustifiedin a varietyof circumstances,but, it would appear, not in general.
Theproblemcanbereducedto oneof determiningthelimiting behaviourof convolutionsof
positivesequences,asfollows.

Remark 1 Let
Ã ôzÌzÍ

and
Ã õ Ì/Í

besequencesof strictly positivenumbersanddefine
Ã özÌzÍ

byö Ì Î å ÌÐ�Ñ]Ò ô Ð õ Ì É Ð Ö õ Ì , whichcanbecomparedwith thesumin (7). Ourhypothesisis that
thepowerseries÷ Ã ø/Í Î åLô Ì ø Ì and

ÄRÃ øzÍ Î åLõ Ì ø Ì
havestrictly positiveradii of conver-

gence,×zù and ×zú , whichsatisfy × Î ×zú Æ ×zù , togetherwith theconditionthat
Ã õ Ì É!Ê Ö õ Ì Í Ù× . We would like to deducethat

Ã ö�ÌzÍ Ùn÷ Ã × Í (which is finite). Thecaseconsideredin the
proof of Proposition1 had × ù Æ × ú Î × . Underthis condition,we canmake

Þ
sufficiently

large,thusmaking
Ã õ Ì�É Ð Ö õ Ì Í ascloseaswepleaseto × Ð , and,since×zù Æ × , wededucethatÃ ö Ì Í ÙlÚ . To dealwith thepresentcase× Î ×zú Æ ×zù , defineû Ð Ã Þ	Í byû Ð Ã Þ	Í Î8ü õ Ì É Ð Ö õ Ì if

óoý�Þç
if
óoË*Þ â
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sothat þ�ÿ canbewrittenas þ�ÿ�� ������	��
 �
� ��� ��� , and,for each� , � ��� ������� � as ����� .
By Fatou’slemmawealwayshavethatthelimit infimumof � þ ÿ � isatleast� � ��� . (Thus,in the
contextof Proposition1,wecandeducethatthelimit supremum(as � ��� ) of �� � �	! � ���
is no greaterthan � ÿ "$#�% ! & ÿ$' % ! � � " � .) But, by usingdominatedconvergenceandmonotone
convergencein turn,wecandelimit two criteriaunderwhich � þ�ÿ � convergesto � � ��� . Firstly,
if thereis asequence� ( �
� with ) ÿ+* � '+) ÿ-, ( � , for all �/. � , and

������	� 
 ��(+� # � , then
theconvergenceof � þ ÿ � is guaranteed.(Notethat,although� ) ÿ+* � '+) ÿ � convergesfor each� ,
wecannotalwaysbound� � � ��� uniformlyin � ; thesimplecase) ÿ � � 0 '+1 � ÿ illustratesthis.)
On theotherhandif, for all � , � ) ÿ+* � ' ) ÿ � is monotonicin � , thenagaintheconvergenceof� þ�ÿ � is assured.

We shall illustrateProposition1 by consideringanetworkof multiserverqueues.

Example 3 Supposethat queue2 has 3 ! servers,so that the traffic intensityat queue2 is4 ! '$3 ! . Since 5 ! � ��� �7698 :<; �>= 3 ! ? , we have 5 ! � ���@� 3 ! , andso #�% ! & ÿ+*	A ' #�% ! & ÿ �3 ! ' 4 ! . Therefore� ! is thereciprocalof thetraffic intensityat queue2 . If we canverify the
convergenceconditionof Proposition1, it will thenfollow that,wheneverthereis a unique
queuewith maximal traffic intensity, it is a bottleneck. As in Proposition1, supposethat
thequeuesarelabelledaccordingto increasingtraffic intensity. For simplicity, supposethat� " # � " *�A # � " *�B #DC C C<# � A . We will provethat #�EGF & ÿ+*	A ' #�EGF & ÿ ��� F for all H , whereE F � % A C C C % F , sothatin particular#�E " *�A & ÿ+*	A ' #�E " *	A & ÿ hasalimit as����� , andhence
thatqueueI , thequeuewith maximaltraffic intensity, is a bottleneck.Wealreadyhavethat#�E A & ÿ+*	A ' #�E A & ÿ ��� A becauseE A � % A . Forany J .D0 wehavetheexpansion#�E�K L A & ÿ � #�%MK L A & ÿ ÿN����� #�E�K & � #�% K L A & ÿ * �#�% K L A & ÿPO
Now, since 5 K L A � ���9Q 3 K L A , we havethat #�%MK L A & ÿ+*	A ' #G%MK L A & ÿ QR� K L A . It follows that#�%MK L A & ÿ+* � ' #�%MK L A & ÿ Q�� � K L A . So,since � K L A # � K , we canuseRemark1 to deducethat#�E K L A & ÿTS #�% K L A & ÿ E K � � K L A � as �U�V� . It follows that #�E K L A & ÿ *�A ' #GE K L A & ÿ �� K L A , asrequired.Also, since 5 ! � ���MQ 3 ! , for all 2 , andsince

���ÿ ��� � ÿ "�#�% ! & ÿW� % ! � � " � #� , wemaydeducethat �� � � ! � �����X� ÿ "�#�% ! & ÿ�' % ! � � " �<=
where #�% ! & ÿY�[Z 4 ÿ! ' �>\ if � # 3 !4 ÿ! ' � 3 ! \ 3 ÿ+*�] ^! � if �_. 3 ! �[Z 4 ÿ! ' �>\ if � # 3 !3 ] ^! ' � 3 ! \ � ÿ! � if ��. 3 ! = (8)

andhence % ! � `$� � ] ^ *	AN ÿ ��� � 4 ! `$� ÿ�>\ba � 4 ! `�� ]3 \dc � !� !Me `<f =hg `�g # � ! O
It is interestingto notethatourcalculationsheredonotdependontheparticularformof ser-
vicerates,only ontheirmonotonicity. Wehavethereforeprovedthefollowing result,thefirst
partof which is acorollaryof Proposition1.

Proposition 2 Supposethat % ! , definedby (2), hasradiusof convergence� ! andthat � " #� " *�A # � " *�B #iC C C�# � A . Supposealsothat 5 ! � ��� convergesmonotonicallyin � for all 2 .
6



Then,queuej is a bottleneck,andfor eachkmlnj , o�p q r	s�tur�v9wyx+z {�l�|�s } z�~ |�s+q x { v as� w�� .

We remarkthat themonotonicityconditioncanbereplacedby a boundednessconditionin
accordancewith Remark1, but we contendthat somecondition is needed.The condition
that x�� � x$� � � � � � x { � � aredistinct canalsobe relaxed. If, for some �Rlnj/�D� , x$��tnx$� �<� ,
thenwe requireonly that ���+q x$� vGl�� , andthis will certainlybetrue(by inductionon � ) if|�s q x s vYl[� for all k/l�j . In Example3 we had |�s q x s v�t�� for all k , but theparticular
form (8) of theserviceratesallowsusto drawthesameconclusions;for brevity, wewill not
give thedetailshere.

3 COMPOUND BOTTLENECKS

Wehavealreadyseen(Example1) thatwhen � s q r�v�tTr for all k , everyqueuein thenetwork
is a bottleneck.Noticethat in this caseeachof thegeneratingfunctions |
� � |M� � � � � � | { has
infinite radiusof convergence.Whathappens,moregenerally, whenthegeneratingfunctions
correspondingto two or morequeuessharethesameminimal radiusof convergence?

Proposition 3 In the setupof Proposition1, supposethat x$�Tt�x$� ��� t�� � �Gt�x { q tnx�v
andthat x/lUx s for k_t��$� �$� � � � � �m�T� . Then,queues�
� ���D�+� � � � � j behavejointly asa
bottleneckin that o�p q � {� � � r �>�R� v�w7� as

� w�� .

Proof. Withoutlossof generality, supposethat x � � x � � � � � x$� � � q }Rx�v , sothatin particular��� � � hasradiusof convergencex$� � � . Usingasimpleextensionof our notation,writing � ��
for theproduct|M��� � � | � , wefind, on summing(3) appropriately, thato�p q � {� � � r � tTr�v�tT���
l�� � {	} z l�� �� � � }G� � z ��r�tT��� �$� � � � � � � (9)

Following aprogrammesimilar to thatusedin theproof of Proposition1, wehaveq � � l�� �� � � } � � z v � � t l�� �� � � }G�l�� �� � � } � � z ��� ��  l�� � { } � l�� �� � � }G� � �l�� �� � � } � �
The term l�� �� � � }G� ~ l�� �� � � }G� � z convergesto x � z� � � as

� wV� , andso, asbefore,the
sumdivergessince,becausex9lRx$� � � , � � { divergesat x$� � � . It follows directly from (9) thato�p q � {� � � r � tur�v9wy� for all r , andhencethat o�p q � {� � � r � �u� v9w¡� for all � . This
completestheproof.

Since x sGq kWlD�Mv is strictly biggerthan x , we might expectqueues�$� �$� � � � � �@�R� not to be
bottlenecks.Consideranyoneof these:queuek . A formal argument,basedon (3), shows
that o�p q r s t�r�vMw�x+z�l�| s } z ~ | s q x�v , because�T¢z �	  x+z	l�| s } z tD| s q x�v
l�� . If this were
to bejustified,wewouldconcludethat o�p q r s �T� v convergesto alimit as

� w�� , whichis
strictly lessthan1 for every� , thusconfirmingthatqueues�+� ��� � � � � �G�Y� arenotbottlenecks.
In view of Remark1, we would need lG£�� ¤� s |M� } z � � ~ l
£�� ¤� s |M�+} z to be monotonicin r ,
or boundedby ¥ � satisfying �T¢� ��  ¥ � l�|�s } � l�� . In somecaseswe canusea direct
argument.To illustratethis,weshallreturnto Example2.

Example 2a Consideragainthecasewhen � s q r�vMtU� ( r � � ) for eachk , but now suppose
that ¦ ��§ ¦ �_§ � � � § ¦ { � � lu¦ { � � tn¦ { , so thatqueuesj��D� and j sharea unique
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maximaltraffic intensity. By Proposition3, thesequeuesbehavejointly asabottleneck.But,
is eachqueueindividually a bottleneck?Thesameargumentscanbeusedasbefore.Since,
for eacḧ , ©�ª�« ¬	­G®R¯�°�±T²�³­
´�µ
¶ ´�µ�· ³ , and ´�µ�·�¸ ¶+´�µ@¹ ²�º as» ¹�¼ , wededucethat©�ª	« ¬<½�®�¯W° ¹¿¾ , for À-±ÂÁWÃ ¾ or Á , and ©�ª	« ¬ ­ ®T¯�° ¹ « ² ­ ¶ ² º ° ³TÄ ¾ , for ¨ Ä Á�Ã ¾ .
So,queuesÁWÃ ¾ and Á arebottlenecksandtheothersarenot.

It mightbeconjecturedthatwhenthegeneratingfunctionscorrespondingto two queuesshare
thesameminimalradiusof convergence,theyarealwaysbottlenecksindividually. However,
this is notthecase.BrownandPollett(1982)demonstratedthatbothof theotherpossibilities
canoccur:oneor neithercanbebottlenecks.Thefollowing exampleswereexaminedbriefly
by BrownandPollett(1982).Weshallprovidefurtherdetailsanddrawsomeadditionalcon-
clusions.

Example 4 Considera networkwith Á@±UÅ queues,supposethat ² ¸ ±Â²>Æ�± ¾+¶ Å , and,for¬�® ¾ , Ç ¸ « ¬�°9±�« ¬�È ¾ ° Æ ¶ ¬ Æ and Ç�Æ « ¬�°Y± ¾ . Clearly É ¸ and ÉMÆ havethesameradiusof
convergenceÊY±�Å . But, for all ¬_®TË ,Ì�Í « ¬ ¸ ±T¬�°�± ´�µ« ¬9È ¾ ° Æ-Î ¾Å�Ï µ ± ¾« ¬9È ¾ ° Æ�Ð µÑ³�Ò	Ó ¾« ¯UÈ ¾ ° Æ�Ô ·�¸
and Ì�Í « ¬<Æ
±T¬�°�± ´�µ« »�Ã�¬-È ¾ ° Æ-Î ¾Å�Ï µ ± ¾« »iÃ@¬9È ¾ ° Æ�Ð µÑ³�Ò	Ó ¾« ¯UÈ ¾ ° Æ�Ô ·�¸�Õ
andso

Ì�Í « ¬ ¸ ±n¬�° ¹×Ö�¶ « Ø Æ « ¬_È ¾ ° Æ ° and
Ì�Í « ¬<Æ�±�¬�° ¹ Ë . It follows thatqueue2 is

a bottleneck,but queue1 is not. It is interestingto notethat Ù_« ¬ ¸ ° divergesas » ¹¡¼ ,
becauseÙ�« ¬ ¸ °MÚ ÖØ Æ µÑ Û Ò ¸ ¬« ¬9È ¾ ° Æ ± ÖØ Æ�Ð µÑÛ Ò ¸ ¾« ¬9È ¾ ° Ã µÑ Û Ò ¸ ¾« ¬9È ¾ ° Æ�ÔRÜ ÖØ Æ�Ý Þ+ß « »_° Õ
so that queue1 canbe interpretedasa bottleneckin a weakersense.However, if we had
chosenÇ ¸ « ¬�°�±Â« ¬�È ¾ ° à ¶ ¬<à ( ¬_® ¾ ), wewouldhaveÙ_« ¬ ¸ ° convergentandÙ_« ¬ Æ ¸ ° divergent,
andsoforth.

Example 5 Considera networkwith Ám±[Å queues,supposethat ² ¸ ±U²>ÆY± ¾ ¶ Å and,for¬/® ¾ , Ç ¸ « ¬�°M±�Ç Æ « ¬�°�±U« ¬9È ¾ ° Æ ¶ ¬ Æ . Clearly É ¸ ±�É Æ , with radiusof convergenceÊY±DÅ .
But, for all ¬_®RË ,Ì�Í « ¬ ¸ ±T¬�°�± ¾« ¬9È ¾ ° Æ « »iÃ@¬9È ¾ ° Æ�Ð µÑ³�Ò	Ó ¾« ¯UÈ ¾ ° Æ « »iÃ@¯UÈ ¾ ° Æ�Ô ·	¸�á
Uponusingpartialfractions,wefind thatthetermin bracesreducestoâ« »[ÈmÅ$° à µÑ³�Ò	Ó ¾¯UÈ ¾ È Å« »iÈmÅ+° Æ µÑ³�Ò�Ó ¾« ¯ÂÈ ¾ ° Æ�Ü â Ý Þ+ß « »_°» à È Å» Æ�ã Ø ÆÖ Õ
andso

Ì�Í « ¬ ¸ ±D¬�° ¹7ä$¶ « Ø Æ « ¬9È ¾ ° Æ ° as » ¹7¼ . By symmetry, neitherqueueis a bottle-
neck.Notealsothatneither¬ ¸ nor ¬ Æ hasaproperlimiting distributionas » getslarge.This
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is to beexpected,for thesystembehavesasfollows. When å�æ is small, å<ç is large,andvice
versa,yet whenthis happenstheratesat which customersareservedat queues1 and2 are
largeandsmall,respectively. Thesystemfluctuatesbetweenmodesin whichoneor otherof
thequeuesis congested,spendinga long periodin eachmode. Thestability of eachmode
increasesas è getslarge; indeed,for a cyclic 2-nodemigrationprocesswith thegivenpa-
rameters,onecanshowthat theequilibrium expectedtime to reachstate é è�ê ë$ì startingin
state é ë�ê è_ì is of order è ç .
In bothof thetwo previousexamples,therewereonly two queuesin thenetwork.If wehad
appendedseveralotherqueueswhosegeneratingfunctionshadradiusof convergencestrictly
largerthan2,ourconclusionswouldhavebeennodifferent.Indeed,givenasubnetworkcon-
sistingof queueswhosegeneratingfunctionshavethesamestrictly minimal radiusof con-
vergence,wecanidentify whichof them(if any)is abottleneck,by conditioningontheevent
thatall è customersarelocatedin thatsubnetwork.Usinganelaborationof Whittle’sargu-
ment(Whittle (1968)),BrownandPollett(1982)provedthefollowing result:

Proposition 4 Supposethat í�î , definedby (2), hasradiusof convergenceï î . Supposethatí æ ê í ç ê ð ð ð ê íMñ havethesamestrictly minimal radiusof convergenceï , andthat ò�î é å�ì con-
vergesmonotonicallyfor someó@ôÂõ+ö$ê ð ð ð ê ÷�ø . Then,queueù is a bottleneckif andonly
if ú�û é å æ
üRýUþ ÿ ñ� � æ å ��� è_ì��7ù�ê as è����Tð (10)

A sufficient conditionfor queueù to bea bottleneckis that í æ divergesat its radiusof con-
vergenceandthat 	�íMç�
 
 
 í ñ���
 � æ � 	�íMç�
 
 
 í ñ���
 convergesas å���� .

Proof. To provethat(10) is necessaryandsufficient for queueù to bea bottleneck,wewill
showthat,as è���� ,

ú�û é å�æ � å þ ÿ ñ� � æ å � � è_ì��Pë if andonly if

ú�û é å�æ � å�ì�� ë .
Since ú�û é å æ � å�ì ����� 	�í æ � 
�	�� ç � � � ��
 � 	�í æ � 
�	�� ç � � � ��
 � 	�� æ� � � ê
and

ú�û é å�æ � å þ ÿ ñ� � æ å � � è_ì � 	�í
æ ��
 	�� çñ � � ��
 � 	�� æñ � � ê
thisamountsto verifying that 	�� ç � � � ��
 � 	�� æ� � ����� é 	�� çñ � � ��
 � 	�� æñ � � ì as è���� .
Without lossof generality, supposeit is ò ñ é å�ì whichconvergesmonotonically. Wewill then
havethat 	�í ñ���
 ��! � 	�í ñ���
 convergesmonotonicallyin å (to ï ! ) for each" . It follows, by
monotoneconvergence,that # 
 , givenby,# 
 � 
$ ! �&% 	�� ñ�' æ� � ! 	�í ñ���
 �&!	�í ñ���
 ê
convergesto � ñ(' æ� é ï�ì�	)� , and,in particular, é # 
 ì is bounded,andboundedawayfrom 0.
But, 	�� ñ � ��
 � 	�í ñ���
 # 
 , andso 	�� ñ � ��
 � 	�í ñ���
 is boundedsimilarly. We alsohave
thetwo expansions 	�� ç � � � �*
 � � �*
$+ �,% 	�� çñ�� æ � + 	�� ñ � � � �*
 � +
and 	�� çñ � � ��
 � � ��
$+ �&% 	�� çñ-� æ � + 	�í ñ�� � ��
 � + ê
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from which it follows that .�/�01*2�3(4�57698;: .�/�0<�2�3�4*5�= as >�?�@ . A similar argument
showsthat .�/BA1�2 3 6C8;: .�/BA<�2 3 = , andit follows immediatelythat .�/�01*2 3�4*5�D .�/BA1*2 3 68;: .�/�0<�2 3�4*5�D .�/BA<�2 3 = .
To seethatthesecondconditionis sufficient,considertheexpansion.�/BA<�2 3.�/ 0< 2 3(4�5 6 .�/�0<�2 3.�/ 0< 2 3(4�5 3EF(G,H .�I A 2 F .�/�0<�2 5 4 F.�/ 0< 2 5KJ (11)

Since .�/�0< 2�5 4 A D .�/�0< 2�5 hasa limit as L�?�@ , it mustconvergeto M , thecommonradius
of convergenceof I 0 J J J I < . Thus .�/�0<�2�5 4 F D .�/�0<�2 F ?�M F and,sinceI A divergesat M ,
thesumin (11) divergesas >�?K@ . It follows that .�/�0<�2 3(4�5*D .�/BA<�2 3 ?ON andhence
thenecessaryandsufficientconditionis satisfied.Thiscompletestheproof.

In applyingProposition4, we canimaginethatthesubnetwork,consistingof queueswhose
generatingfunctionshavethe samestrictly minimal radiusof convergence,is an isolated
closednetworkof queues.To seethis,supposethatwe havea closedmigrationprocessandP�Q R

(for S T UWVYX*Z T [�T J J J T \^] ) is theprobability thatan individual which hasjust left node S
is destinedfor nodeU (

P�Q Q 69N and _ 1R G A P&Q R 6`Z ). If thematrix aY6b: P�Q R = is irreducible,
thenthereis auniquecollectionof positivenumbersc76d: c A T c 0 T J J J T c 1 = which satisfythe
(traffic) equationsc(aW6Cc . For theclosedmigrationprocess,with expectedserviceratesall
equalto 1, thesearepreciselythearrival ratesc A T J J J T c 1 which appearin (1). For e�.f\ ,
we canalwayschooseroutingprobabilities

P&gQ R
, for S T UWVdX*Z T [�T J J J T eh] , with

P&gQ Q 69N and_ <R G A P&gQ R 6YZ , in sucha way that c g 6Y: c A T c 0 T J J J T c < = satisfiesc g a g 6ic g , thusgiving the
samearrival rateswithin thesmallernetworkconsistingof e nodes.WesimplysetP gQ R 6 P�Q R(j _ 1k G <(l A P Q k _ 1m G <�l A c m P m R_ <m G A c m _ 1k G <�l A P m k J
It is easyto checkthattheseroutingprobabilitiessatisfytherequiredconditions.

Our final exampleshowsthatthesufficientconditionof Proposition4 is not necessary.

Example 6 Considera networkwith \W6Y[ queues,supposethat c A 6dc 0 6fZ D [ , and,forL7n)Z , o A : L�=-6d: L j Z = 0 D Lp0 and o 0 : L�=-6d: L j Z = q D Lpq . Both o A : L�= and o 0 : L�= havelimit 1,
as L�?�@ . Also, I A and I 0 havecommonradiusof convergenceM�6i[ , andbothconverge
at their radiusof convergence.However, for all LrnCN ,s�t : L A 6�L�=-u Z: L j Z = 0 : >wvWL j Z = q xdyEF(G&H Z: z j Z = q : >9vhz j Z = 0p{ 4 A T
for any |}.d> . But, for fixed | , theexpressionin bracesis 8;: > 4 0 = as >�?~@ , andsos�t : L A 6�L�= isboundedabovebyaquantitywhichis 8;: > 4 A = . Hence,queue1 isabottleneck,
yet thesufficientconditionof Proposition4 is not satisfied.
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