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SUMMARY

A two-component survival mixture model is proposed to analyse a set of ischaemic stroke-speci�c
mortality data. The survival experience of stroke patients after index stroke may be described by a
subpopulation of patients in the acute condition and another subpopulation of patients in the chronic
phase. To adjust for the inherent correlation of observations due to random hospital e�ects, a mixture
model of two survival functions with random e�ects is formulated. Assuming a Weibull hazard in both
components, an EM algorithm is developed for the estimation of �xed e�ect parameters and variance
components. A simulation study is conducted to assess the performance of the two-component survival
mixture model estimators. Simulation results con�rm the applicability of the proposed model in a small
sample setting. Copyright ? 2004 John Wiley & Sons, Ltd.
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1. INTRODUCTION

Mixture models have been widely used to model failure-time data in a variety of situations
[1–5]. As a �exible way of modelling data, the mixture approach is directly applicable in
situations where the adoption of a single parametric family for the distribution of failure time
is inadequate. For example, following open-heart surgery for heart valve replacement, the
risk of death can be characterized by three merging phases [6]: an early phase immediately
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following surgery in which the risk of dying is relatively high, a middle phase of constant risk,
and �nally a late phase in which the risk of death starts to increase as the patient ages. These
phases overlap each other in time and thus cannot be modelled satisfactorily by attempting to
�t a separate parametric model to each discrete time period; see for example References [4, 7]
who speci�ed mixture models for the survival function with three components corresponding
to the three phases of death.
In this paper, we focus on the modelling of survival experience of ischaemic stroke patients

after index stroke. In Australia, there are about 50 000 stroke and transient ischaemic attacks
every year, with ischaemic stroke accounting for about 60 per cent of all stroke events [8]. Of
all stroke events each year, 70 per cent are �rst-ever strokes. Ischaemic stroke is diagnosed by
the ICD9-CM [9] and the ICD10 [10] codes and is usually accompanied by acute and chronic
phases [11]. In Western Australia, the annual incidence of stroke was estimated at 178 per
100 000. Approximately, around 70 per cent of acute stroke events result in hospitalization and
15 per cent of hospitalized ischaemic stroke patients die within one month [12]. By adopting
a mixture model with two components corresponding to the acute and chronic phases, the
survival function of time to death T is modelled as

S(t; x)=pS1(t; x) + (1− p)S2(t; x) (1)

where p denotes the proportion of patients belonging to the acute phase and S1(t; x) and
S2(t; x) are the conditional survival functions given that the patient is within the acute and
chronic phases, respectively. Here x is a vector of covariates associated with each patient.
With this concomitant information, e�ects of demographic characteristics and co-morbidities
on the survival of patients in the acute and chronic phases can then be determined.
One issue concerns the heterogeneity due to random hospital e�ects arising from the clus-

tering of patients within the same hospital. Although clinical practice should conform to a
designated standard if guidelines on treatment and care have strictly been followed, it is in-
evitable that some inherent di�erences will still exist among hospitals. Thus, it is expected
that observations from patients admitted to the same hospital at index stroke will be cor-
related. In this paper, we assume that such inherent hospital e�ects are random and shared
among patients admitted to the same hospital. We extend the survival model (1) to adjust
for random hospital e�ects based on the generalized linear mixed model (GLMM) method
of McGilchrist [13]. The method commences from the best linear unbiased predictor (BLUP)
and extends to obtain approximate residual maximum likelihood (REML) estimators for the
variance component [14]. In addition, we propose the use of the EM algorithm [15] to obtain
the BLUP estimate. This EM-based mixture approach has a number of desirable properties,
including its simplicity of implementation and reliable global convergence [16, Section 1.7].
Moreover, it does not require the calculation of second derivatives of a conditional likelihood
as required with some Newton–Raphson approaches [17] and it does not require Monte Carlo
approximation as required with some computationally intensive methods [18, 19].
This paper is organized as follows. In Section 2, we describe the ischaemic stroke-speci�c

mortality data. The two-component survival mixture model with random e�ects is presented
in Section 3. In Section 4, we describe how the EM algorithm is adopted to obtain the
BLUP estimate. The analysis of the ischaemic stroke data is presented in Section 5, and in
Section 6, we present a simulation study to assess the performance of the proposed EM-based
mixture approach in a small sample setting. Finally, some concluding remarks are provided in
Section 7.
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2. ISCHAEMIC STROKE-SPECIFIC MORTALITY DATA

In this study, hospital separation records corresponding to all ischaemic stroke events from
January 1996 to December 1998 were retrieved from the Western Australia Hospital Morbidity
Data System. Only those individuals who had an initial hospitalization for ischaemic stroke
during the �rst six months of 1996 constituted our study cohort and this initial hospitalization
was de�ned as the index stroke. Death data were obtained from the Australian Bureau of
Statistics mortality database. Record linkage was used to extract the medical history for each
patient from the diagnostic information recorded on hospital separation summaries. A unique
patient identi�er attached by record linkage to all hospital separation records for the same
individual facilitated the retrieval of a patient’s medical history. A data set was then compiled
containing one record for each person in the cohort discharged from hospital after su�ering
an index stroke. Each record contained information describing the patient’s demographics at
the time of the index stroke. Demographic information included age at admission (AGE),
gender (SEX), and indigenous status (ABORIGINAL). Clinical information such as a history
of diabetes (DIABETES) and atrial �brillation (AF) was also included. The data set consists
of 557 patients from 56 hospitals.
When death occurred, the date and cause of death was included on the patient’s record.

Since stroke is generally an old-age disease, death occurrence may be due to stroke or other
causes. In this study, the e�ect of risk factors on the stroke-speci�c death hazard is investigated
with death due to other causes treated as censored observations. The proportion of censored
observations is 72.9 per cent.
As described in Section 1, the main aim of the study is to identify and assess risk factors

a�ecting the survival of ischaemic stroke patients in the acute and chronic phases, respectively,
with an adjustment for random hospital variation. The outcomes of the analysis will thus assist
clinicians to rationalize their medical practice, as well as hospital management in terms of
budgetary allocation and rehabilitation planning. By comparing the signi�cant factors between
the two phases, appropriate strategy and policies can be prescribed to improve the e�ciency
of service delivery and manage the cost of acute care. In addition, the analysis provides
information on inter-hospital variation. As a result, the relative e�ciency of hospitals may be
evaluated based on the predicted random e�ects. From another clinical perspective, it may also
be important to assess the e�ect of risk factors on the proportion of ischaemic stroke patients
in the acute and chronic phases, say, via a logistic function [20] with possibly an adjustment
for random hospital variation. Adjusted odds ratio can then be calculated to estimate the
relative risk of belonging to the acute phase or the chronic phase.

3. TWO-COMPONENT SURVIVAL MIXTURE MODEL WITH RANDOM EFFECTS

Let Tij denote the observable failure=censoring time of the jth individual within the ith hos-
pital; let M denote the number of hospitals and ni the number of observations in the ith
hospital, the total number of observations is therefore N =

∑M
i=1 ni. Let xij be a vector of

covariates associated with Tij. The survival function of T is modelled by a two-component
mixture model as

S(tij; xij) = pS1(tij; xij) + (1− p)S2(tij; xij) (i=1; : : : ; M; j=1; : : : ; ni) (2)
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where p denotes the proportion of patients belonging to the �rst component, the subpopulation
of patients in an acute condition, and Sg(tij; xij) is the conditional survival function of the gth
component (g=1; 2). Under Cox’s proportional hazards model [21], the conditional hazard
function for the gth component (g=1; 2) is given by,

hg(tij; xij)= hg0(tij) exp(�g(xij)) (g=1; 2) (3)

where hg0(tij) is the baseline hazard function and �g(xij) is the linear predictor relating to the
covariate xij. In this paper, the commonly used Weibull distribution is assumed for hg0(tij)
because it is �exible as either a monotonic increasing, constant, or monotonic decreasing
baseline hazard. That is,

hg0(tij) = �g�gt
�g−1
ij (i=1; : : : ; M; j=1; : : : ; ni; g=1; 2) (4)

where �g; �g¿0 are unknown parameters. Alternatively, other general lifetime distributions
may also be speci�ed for hg0(tij). For example, Larson and Dinse [22] assumed the baseline
hazard to be piecewise constant, Gordon [23] modelled hg0(tij) by the Gompertz distribution,
while Peng et al. [24] considered a continuous baseline hazard in the generalized F distribution
family.
As pointed out in Section 1, observations collected from the same hospital are often corre-

lated. The dependence of clustered data (patients nested within hospitals) can lead to spurious
associations and misleading inferences. In this paper, the GLMM method [13, 14] is adopted
to adjust for the random hospital e�ects. An unobserved random term is introduced multi-
plicatively in each conditional hazard function to explain the variability shared by patients
within a hospital. With reference to (3), the random e�ect Ugi of the ith hospital on the gth
component hazard function can be accommodated through the linear predictor, via

�g(xij)= xTij�g +Ugi (i=1; : : : ; M; j=1; : : : ; ni; g=1; 2) (5)

where �g is the vector of regression coe�cients and the superscript T denotes vector transpose.
The unobservable random hospital e�ects Ugi (i=1; : : : ; M) are taken to be i.i.d. N(0; �g). A
positive value of Ugi indicates that patients in the ith hospital will experience a higher risk
of failure if they belong to the gth subpopulation (g=1; 2). Thus if �g di�ers from zero, it
implies a signi�cant di�erence in the survival for patients of the gth subpopulation between
the participating hospitals. Under the formulation based on (3)–(5), the vector of unknown
parameters becomes

 =(p; �T1 ; �
T
2 ; u

T
1 ; u

T
2 ; �1; �2; �1; �2)

T

where uT1 = [U11; U12; : : : ; U1M ] and uT2 = [U21; U22; : : : ; U2M ]. The GLMM method commences
with the BLUP at the initial step and proceeds to obtain approximate REML estimators of the
parameters �g in the variance component [14, 25, 26]. For a given initial value of �g (g=1; 2),
the BLUP estimator of  maximizes l= l1 + l2, where

l1 =
M∑
i=1

ni∑
j=1
[Dij log f(tij; xij) + (1− Dij) log S(tij; xij)]

l2 =−(1=2)[M log(2��1) + (1=�1)uT1u1] + (−1=2)[M log(2��2) + (1=�2)uT2u2]

(6)
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Here Dij=1 and Dij=0 indicate a failure and a censored observation, respectively, and

f(tij; xij)=pf1(tij; xij) + (1− p)f2(tij; xij)

is the probability density function of T based on (2), where fg(tij; xij) is the conditional
probability density function given that the patient belongs to the gth component (g=1; 2). In
(6), l1 is the log likelihood based on the failure and censored times conditional on u1 and u2,
and l2 is the logarithm of the joint probability density function of u1 and u2, with u1 and u2
taken to be independent. The BLUP estimate of  is obtained as a solution of the equation
@l=@ =0, which can be solved via the EM algorithm as presented in Section 4 below.
The approximate REML estimates of the variance components �1 and �2 are obtained

by maximizing the restricted log likelihood function, which is the log likelihood obtained
from a speci�ed set of linearly independent error contrasts [27]. The details are provided in
Appendix A.

4. EM ALGORITHM FOR ESTIMATION OF BLUP ESTIMATOR

The EM algorithm is a broadly applicable approach to the iterative computation of maximum
likelihood (ML) estimates, useful in a variety of incomplete-data problems [16, 28]. In order
to pose the estimation procedure as an incomplete-data problem, an unobservable random
vector Z is introduced. For each observation tij, there is a corresponding two-dimensional
indicator variable zij. For example, zij=(1; 0)T indicates that tij belongs to the �rst component.
The random e�ects u1 and u2 are not introduced as incomplete variables in the complete-
data framework, as this can slow down the EM algorithm considerably, especially when
the variance components are relatively small [29]. Furthermore, when treating the random
e�ects as incomplete variables, an analytical form of the log likelihood expression in the
E-step involves high-dimensional integration, which is di�cult to perform. On the (k + 1)th
iteration, the E-step of the EM algorithm involves the calculation of the Q-function, which is
the expectation of the complete-data log-likelihood conditional on the current estimate of the
parameter and the observed data. In particular, the Q-function can be decomposed as

Q( ;  (k))=Q(k)
p +Q(k)

�1
+Q(k)

�2

with respect to the parameters p, �1 = (�T1 ; u
T
1 ; �1; �1)

T, and �2 = (�T2 ; u
T
2 ; �2; �2)

T, respectively.
It implies that the estimates of p, �1, and �2 can be updated separately in the M-step of the
EM algorithm by maximizing Q(k)

p , Q(k)
�1
, and Q(k)

�2
, respectively. Hence, the proposed EM-

based mixture approach possesses a number of desirable properties, including its simplicity of
implementation and reliable global convergence. Moreover, it does not require the calculation
of the second derivatives of a conditional likelihood as required with some Newton–Raphson
approaches [17]. The latter methods usually involve also the calculations of inverse of matrices
with large dimensions.
In Appendix B, we provide the detailed descriptions of the E- and M-steps of the EM

algorithm for estimation of the BLUP estimator. We also describe the estimation procedure
with the EM-based mixture approach.
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Table I. Preliminary analysis.

(a) Results of �tting a single Weibull and a two-component Weibull mixture without the random
hospital e�ect adjustment

Regression coe�cient (S.E.)

Two-component Weibull mixture

Covariate A single Weibull 1st component 2nd component

Constant (log �g) −9.533 (1.03)∗ −3.365 (1.22)∗ −12.620 (1.44)∗
AGE (�1g) 0.082 (0.01)∗ 0.015 (0.02) 0.109 (0.02)∗

SEX (�2g) 0.100 (0.20) −0.934 (0.11)∗ 0.085 (0.29)
ABORIGINAL (�3g) 0.385 (0.72) 0.501 (1.41) 0.358 (0.68)
DIABETES (�4g) 0.179 (0.25) 0.198 (0.88) 0.445 (0.36)
AF (�5g) −0.223 (0.19) −1.623 (1.12) −0.384 (0.37)

(b) Model selection
Number of Log likelihood AIC† BIC‡ Worth indices§
components (g)

1 −1101.87 2217.74 2248.00 —
2 −1066.69 2163.38 2228.22¶ (0.63, 0.37)¶

3 −1057.74 2161.48¶ 2260.90 (0.47, 0.44, 0.09)

∗Signi�cant at 5 per cent level.
†Akaike’s information criterion.
‡Bayesian information criterion.
§The number of components is chosen to be minimum value of g for which the sum of their worth indices
exceeds 0.8.
¶The number of components selected by each model selection method.

5. ANALYSIS OF THE ISCHAEMIC STROKE DATA

The ischaemic stroke data described in Section 2 is initially �tted using, respectively, a sin-
gle Weibull regression model and a two-component Weibull mixture regression model. Both
models do not adjust for the random hospital e�ects. The results of this preliminary analysis
are presented in Table I. It can be seen that, with a single Weibull regression model, the
patient’s age at index stroke is the only signi�cant risk factor. By using a two-component
Weibull mixture, it is found that the patient’s age only has signi�cant e�ect on patients’
survival in the chronic phase. In addition, the gender of patient has a signi�cant e�ect on
the survival of patients in the acute phase. This risk factor has not been identi�ed using a
single Weibull model. With a single Weibull model, a decreasing hazard (�=0:311) is deter-
mined. In contrast, with a two-component Weibull mixture, an increasing hazard (�1 = 1:584)
and a decreasing hazard (�2 = 0:395) are determined for the acute and chronic phases, re-
spectively. The number of components may be chosen based on some information criteria in
model selection [28, Chapter 6], [30] or the technique described in Reference [31], where

Copyright ? 2004 John Wiley & Sons, Ltd. Statist. Med. 2004; 23:2729–2744
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Table II. Results of �tting a two-component survival mixture model with random hospital e�ects to the
ischaemic stroke mortality data.

1st component 2nd component

pg 0.100 0.900
�g 1.707 0.419
�g 0.238 (0.30) 0.947 (0.44)∗

Covariate Coe�cient (S.E.)
Constant (log �g) −3.803 (1.51)∗ −13.079 (1.47)∗
AGE (�1g) 0.020 (0.02) 0.114 (0.02)∗

SEX (�2g) −1.478 (0.40)∗ 0.060 (0.29)
ABORIGINAL (�3g) 0.084 (1.76) 1.012 (0.82)
DIABETES (�4g) 0.543 (0.72) 0.512 (0.36)
AF (�5g) −1.857 (0.99) −0.268 (0.32)
∗Signi�cant at 5 per cent level.

the ‘worth index’ of each component was calculated to select the number of experts in the
mixture of proportional hazards model. Result of applying these model selection methods is
included in Table I. Based on this result, we choose a two-component mixture of survival
model.
We then apply the EM-based two-component Weibull mixture approach with random hos-

pital e�ects adjustment. The results are given in Table II. It can be seen that about 10 per
cent of patients are identi�ed as being in the acute phase. An increasing hazard (�1 = 1:707)
is determined. The remaining 90 per cent of patients appear to be in the chronic phase and a
decreasing hazard (�2 = 0:419) is observed for this second component. The gender of patient
has a signi�cant impact on the hazard of the �rst component, suggesting that male stroke pa-
tients have a lower risk of stroke-speci�c death during the acute phase. For the chronic phase,
age is found to be the only signi�cant risk factor implying that older-age patients experience
a higher risk of ischaemic stroke-speci�c mortality.
The survival function of the �rst component is plotted against time by gender in Figure 1,

while other covariates are set at their median values. In Figure 2, the estimate of the survival
function of the second component is plotted against time for various levels of the admission
age. It can be seen that increased age of patient is related to higher death rate in the chronic
phase.
By allowing for random hospital e�ects in model (2), signi�cant hospital variation is de-

tected in the second component (Table II). It implies that heterogeneity in survival during
the chronic phase is partially due to the di�erences among hospitals. The identi�cation of
risk factors, after accounting for the random hospital variation, provides useful information
on how a patient’s survival in the chronic phase is a�ected. In addition, the quanti�cation
of inter-hospital variation as measured by the predicted random e�ects provides additional
insights to assess the variation among hospitals on stroke speci�c deaths. Predicted random
hospital e�ects for the �rst component (acute phase) and the second component (chronic
phase) are displayed in Figure 3. An inspection of hospital identity reveals no notable di�er-
ence between the three tertiary hospitals and other hospitals in terms of the predicted hospital
e�ects.

Copyright ? 2004 John Wiley & Sons, Ltd. Statist. Med. 2004; 23:2729–2744
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Figure 1. Survival function plot of the �rst component for time to stroke-speci�c death by gender.

6. SIMULATION STUDY

A simulation study is conducted based on a multi-centre clinical trial data structure. It is
assumed that there are 20 hospitals, and within each hospital there are 25 patients. A con-
tinuous covariate variable xij (i=1; : : : ; 20; j=1; : : : ; 25) is generated independently from
N(0; 1). Realizations of Z are simulated in which an individual has a probability of p to
be from the �rst component, zij=(1; 0)T, and has a probability of (1 − p) to be from
the second component, zij=(0; 1)T. Suppose an individual belongs to the �rst component,
a sample failure time is then generated from the conditional probability density function
f1(t; xij)= h10(t) exp(�1(xij))S10(t)exp �1(xij), with U1i generated from N(0; �1). Similarly, for
an individual belonging to the second component, a sample failure time is generated from the
conditional probability density function f2(t; xij)= h20(t) exp(�2(xij))S20(t)exp �2(xij), with U2i
generated from N(0; �2). If the generated failure time is greater than a constant censoring
time, C, it is taken as censored at time C. In the simulation study, we assume the baseline
hazards for both components to follow a Weibull distribution (3), with di�erent known param-
eters �g and �g (g=1; 2). We �x �1 = 0:05, �1 = 1:5, �1 = 0:5, �2 = 0:01, �2 = 0:5, �2 = − 0:5,
and C=1000 in all the settings, and consider three di�erent sets of parameter value of
p (0.1, 0.3, and 0.5). There are 500 replications in each setting considered.
The performances of the estimators are assessed in terms of their biases and standard er-

rors. The simulation results are given in Table III, where SE1 and SE2 denote the average
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Figure 2. Survival function plot of the second component for time to stroke-speci�c death by three
levels of age at index stroke admission.

of the standard error of the estimates and of the sample standard error of the estimates, re-
spectively, over the 500 replications. From Table III, no appreciable bias is observed in all
simulation settings, con�rming the applicability of the proposed model in small sample situ-
ations. As anticipated, the estimate of p is slightly biased when its true parameter value is
close to the boundary (p=0:1) of the parameter space. A comparison of SE1 and SE2 pro-
vides information on whether the estimated standard error of the procedure is overestimated
or underestimated. In general, good agreement between SE1 and SE2 for all the parameters
is observed. When p=0:1, the estimated standard errors of regression coe�cients and vari-
ance component estimates appear to be slightly underestimated for the �rst component. Thus,
caution should be exercised in interpreting the signi�cance levels attached to these estimates
when the estimated value of p is small.

7. DISCUSSION

We have proposed an EM-based survival mixture approach for modelling the distribution of
survival time with random e�ects adjustment. The study demonstrates how random e�ects

Copyright ? 2004 John Wiley & Sons, Ltd. Statist. Med. 2004; 23:2729–2744
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Figure 3. Prediction of random hospital e�ects for (a) the �rst component (acute phase) and (b) the
second component (chronic phase).

Copyright ? 2004 John Wiley & Sons, Ltd. Statist. Med. 2004; 23:2729–2744



MODELLING THE DISTRIBUTION OF STROKE-SPECIFIC SURVIVAL TIME 2739

Table III. Estimated biases and standard errors of REML estimators for two-component survival
mixture model.

Parameter True value Average bias SE1 SE2

p=0:1
�1 = 0:5; �2 = 0:5
p 0.1 0.022 0.023 0.020
�1 0.5 −0.035 0.194 0.319
�2 −0.5 −0.031 0.112 0.104
�1 0.5 0.091 0.366 0.393
�2 0.5 0.048 0.252 0.228

�1 = 1; �2 = 1
p 0.1 0.021 0.023 0.020
�1 0.5 −0.043 0.201 0.333
�2 −0.5 −0.035 0.111 0.097
�1 1.0 0.074 0.573 0.739
�2 1.0 0.062 0.425 0.418

p=0:3
�1 = 0:5; �2 = 0:5
p 0.3 0.016 0.023 0.025
�1 0.5 0.003 0.103 0.134
�2 −0.5 −0.025 0.129 0.122
�1 0.5 0.062 0.243 0.271
�2 0.5 0.051 0.275 0.239

�1 = 1; �2 = 1
p 0.3 0.015 0.022 0.026
�1 0.5 0.001 0.105 0.140
�2 −0.5 −0.025 0.129 0.117
�1 1.0 0.045 0.400 0.456
�2 1.0 0.035 0.440 0.431

p=0:5
�1 = 0:5; �2 = 0:5
p 0.5 0.009 0.021 0.024
�1 0.5 0.014 0.075 0.096
�2 −0.5 −0.023 0.155 0.148
�1 0.5 0.065 0.216 0.222
�2 0.5 0.066 0.320 0.283

�1 = 1; �2 = 1
p 0.5 0.011 0.022 0.026
�1 0.5 0.018 0.076 0.097
�2 −0.5 −0.029 0.155 0.143
�1 1.0 0.093 0.394 0.405
�2 1.0 0.057 0.488 0.476

SE1: average of standard error of estimates.
SE2: sample standard error of estimates over 500 replications.
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can be adjusted within a mixture-modelling framework in survival analysis. The estimation
procedure is based on the GLMM approach [13, 32, 33]. Alternatively, exact ML approaches
can be applied by integrating out the random e�ects in the joint likelihood. However, due
to the intractability of the (marginal) likelihood function, computationally intensive numerical
approximations are usually required to maximize the marginal likelihood [18, 34]. Comparative
advantages of the di�erent GLMM formulations have been discussed elsewhere [35].
In this paper, the component-hazard functions are assumed to be the Weibull distribution.

The methodology described in Sections 3 and 4 can be readily modi�ed to accommodate
other lifetime distributions for both components. The model can also be extended to analyse
survival data arising from other hierarchical settings than hospital clustering. For example,
patients may be nested under di�erent health regions or local districts within the state. As
described in Section 2, the mixing proportion p may be speci�ed as a function of covariates
xij. The layout of the methodology should be su�ciently clear for the development of a
survival model with random e�ect adjustment via the linear predictor in the functional form
of p(xij). However, if the mixing proportion and the conditional survival functions are both
expressed in terms of the same set of covariates xij, identi�ability problems may occur when
there is a large proportion of censoring observations [36].
The proposed model can be generalized to analyse cure rate problems and competing-

risks data with nested random e�ects. With cure rate problems, a proportion of individuals
are not susceptible to the failure risk [37–39]. These cured patients are referred to as long-
term survivors with respect to the failure under study [17, 40]. Unlike the analysis of the
present stroke-speci�c mortality data, where the aim is to identify and assess risk factors
a�ecting patients’ survival in di�erent phases, studies on cure rate data focus mainly on the
estimation of the cure proportion. With competing-risk data, each individual will die from
one of multiple causes of failure [22, 36]. Survival model (2) may be adapted so that the
components correspond to the di�erent causes of failure. Under this setting, p denotes the
proportion of patients who died from the �rst cause and Dij de�nes failure types or a censored
observation.
Analysis of the ischaemic stroke-speci�c mortality data has identi�ed di�erent risk factors

a�ecting the survival of patients in the acute and chronic phases. The results provide useful
information to establish hospital care strategy and policy for better utilization of resources
according to these two phases. As described in Section 6, the estimated standard errors of the
estimates given in Table II have been interpreted with caution since the estimated proportion
of patients in the acute phase is small (p=0:1). In the analysis, signi�cant hospital variation
is detected in a patient’s survival during the chronic phase. The predicted random hospital
e�ects facilitate the comparison of hospital performances in ischaemic stroke treatment and
rehabilitation at the chronic phase, after adjustment for patient characteristics and clinical risk
factors.

APPENDIX A: ESTIMATION OF VARIANCE COMPONENTS AND
ASYMPTOTIC VARIANCES

The approximate REML estimates of the variance components �1, �2 and the asymptotic
variances of p̂, �̂1, �̂2 are obtained based on Reference [14]. With reference to (6), denote
� the negative second derivative of l= l1 + l2 with respect to p |�1 |�2 | u1 | u2 in the BLUP
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procedure. Let �−1 = (Aij); (i=1; : : : ; 5; j=1; : : : ; 5), and the matrix is partitioned conformally
to p |�1 |�2 | u1 | u2, we have

�̂1 =M−1(tr A44 + ûT1 û1) (A1)

�̂2 =M−1(tr A55 + ûT2 û2) (A2)

var




p̂

�̂1

�̂2


=



A11 A12 A13

A21 A22 A23

A31 A32 A33


 (A3)

var


 �̂1

�̂2


=2

[
�−2
1 (M − 2�−1

1 tr A44) + �−4
1 tr(A244) �−2

1 �−2
2 tr(A45A54)

�−2
1 �−2

2 tr(A45A54) �−2
2 (M − 2�−1

2 trA55) + �−4
2 tr(A255)

]−1

(A4)

APPENDIX B: IMPLEMENTATION OF THE EM-BASED MIXTURE APPROACH

From (6), the E-step involves the calculation of Q( ;  (k))=Q(k)
p +Q(k)

�1
+Q(k)

�2
, where

Q(k)
p =

M∑
i=1

ni∑
j=1

[
�(k)ij log

(
p

1− p

)
+ log(1− p)

]

Q(k)
�1
=

M∑
i=1

ni∑
j=1
[�(k)ij l11; ij + l21; ij]

Q(k)
�2
=

M∑
i=1

ni∑
j=1
[(1− �(k)ij )l12; ij + l22; ij]

and where

l1g; ij =Dij logfg(tij; xij) + (1− Dij) log Sg(tij; xij) (g=1; 2)

l2g; ij =−1
2

(
M log(2��g) +

uTgug

�g

)
(g=1; 2)

and

�(k)ij = E (k) (Zij | tij; xij)= p(k)(f(k)1 )Dij(S(k)1 )
(1−Dij)

p(k)(f(k)1 )Dij(S(k)1 )(1−Dij) + (1− p(k))(f(k)2 )Dij(S(k)2 )(1−Dij)
(B1)
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is the current estimated posterior probability that tij belongs to the �rst component, where E (k)

denotes the expectation based on the current �t  (k); f(k)g =fg(tij; xij; �
(k)
g ), and S(k)g = Sg(tij; xij;

�(k)g ) (g=1; 2).
The M-step provides the updated estimate  (k+1) that maximizes Q( ;  (k)) with respect to

 and thus involves solving the non-linear equations

for �g(g=1; 2):
M∑
i=1

ni∑
j=1
(�(k)ij )

(2−g)(1− �(k)ij )
(g−1)[Dij + log Sg(tij; xij)]xij=0

for ug(g=1; 2):
ni∑

j=1
[(�(k)ij )

(2−g)(1− �(k)ij )
(g−1)(Dij + log Sg(tij; xij))]− ug

�g
=0

for �g(g=1; 2):
M∑
i=1

ni∑
j=1
[(�(k)ij )

(2−g)(1− �(k)ij )
(g−1)

[
Dij

�g
− exp(�g(xij))t

�g
ij

]
=0

for �g(g=1; 2):
M∑
i=1

ni∑
j=1
(�(k)ij )

(2−g)(1− �(k)ij )
(g−1)

[
Dij + (Dij�g − hg(tij; xij)tij) log tij

�g

]
=0

(B2)

and the following closed-form equation for p:

p(k+1) =
M∑
i=1

ni∑
j=1

�(k)ij =N (B3)

The MINPACK routine HYBRD1 [41] is adopted to �nd a solution to (B2). The estimation
procedure of the EM-based approach is summarized as follows:

1. Set initial values �(0)1 ; �(0)2 ; p(0); �(0)1 , and �(0)2 .
2. Calculate �ij using (B1), update �g(g=1; 2) by (B2), and update p by (B3).
3. Repeat Step 2 until convergence.
4. Update �1 and �2 using (A1) and (A2), respectively.
4. Repeat Steps 2–4 until convergence.
5. Calculate the standard errors of p̂; �̂g, and �̂g(g=1; 2) by (A3) and (A4).

In our analysis, we set initial values �(0)1 = �(0)2 = 1 and obtain p(0); �(0)1 , and �(0)2 based on
the preliminary result of the two-component Weibull mixture regression model without the
random hospital e�ect adjustment (Section 5).
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